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Abstract

This dissertation studies linear detectors for Code-Division Multiple-Access channels perturbed by ad-
ditive white Gaussian noise, under the assumption that the ensemble of user code waveforms is known to the
receiver. In particular the near-far problem of Direct-Sequence Spread-Spectrum Multiple-Access channels,
i.e. the problem of demodulating a weak transmitter in the presence of powerful interferers, is solved with
a linear receiver.

Two multiuser performance measures are used to quantify the performance degradation due to the
presence of multiuser interference: the asymptotic efficiency, which is equivalent to bit-error-rate in the low
background noise region, and the near-far resistance, which measures a detector’s robustness to the near-far
problem.

Conventional single-user detection in a multiuser channel is not near-far resistant, while the substantially
higher performance of the optimum multiuser detector requires exponential complexity in the number of
users.

We show that the near-far resistance of optimum multiuser detection is achieved by a linear receiver
(whose complexity per demodulated bit is only linear in the number of users). The optimum linear detector
for worst-case energies - the decorrelating detector - is found, along with existence conditions, which are
always satisfied in the models of practical interest. Its implementation does not require knowledge of the
received energies, its bit-error-rate is energy-independent, and it achieves optimum near-far resistance.

A one-shot decorrelating detector for asynchronous channels is considered, and shown to preserve a
reduced near-far resistance. Examples indicate that the performance loss may be insignificant.

An iterative decision-feedback scheme is proposed, using the decorrelating detector in the first stage,
and a feedback set optimized for the operating region. Optimum near-far resistance and a non-decreased
asymptotic efficiency compared to the decorrelating detector are achieved, in exchange for knowledge of
energies.

Finally, the situation of unknown signature sequences but common chip waveform is considered, and an
adaptive algorithm is given which adapts to the main channel impairment, i.e. approaches the decorrelating
detector in the low noise region and the conventional detector in the low interference region.
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1. Introduction

1.1 Background

Consider the multiuser communication problem: several users share a common channel to
transmit information. The design problem is how to allocate usage of the multiple access channel
to the different users, in order to maximize the information flow over the channel, while keeping the
bit error probability under a given level. This problem is of great interest, since it is representative
of a wide variety of data communication systems where there is more than one source (and any
number of destinations); e.g. computer networks, satellite broadcast channels and radio networks.
Various approaches to this problem are taken in practice. These can be divided into three broad

subclasses.

The first class of approaches divides the channel among the users, such that the multiple-
access capability relies on the orthogonality between the assigned signals. Different kinds of or-
thogonality are exploited in different systems, e.g. time-orthogonality in Time-Division Multiple-
Access (each user is allocated a time slot in which he alone can transmit data, utilizing the full
channel), frequency-orthogonality in Frequency-Division Multiple-Access (each user transmits on
a different frequency band), code-orthogonality, if the transmissions are synchronous, polarization-
orthogonality or direction-orthogonality. Existing channel allocation strategies are both static, or,
to avoid unused capacity allocation, dynamic, according to the need of each user. Dynamic chan-
nel allocation strategies are either centralized, where a central controller uses polling or probing
strategies to determine which users have information to send, or decentralized, as in token rings or

the Ethernet.

The second class of approaches allows random channel access. The first random access system
of this kind was the Aloha system, where the innovative idea was to allow each user to become
active whenever he has anything to send. The general feature of this class of channels is that the
received waveform can only be demodulated if it consists of one signal at a time, which means
that all simultaneous transmissions are lost. A great deal of effort has gone into designing various
random access protocols which schedule access to the common channel such that the probability of
a simultaneous transmission, called a “collision”, is as low as possible while satisfying constraints

on the waiting time distribution. When a collision occurs, it is handled by a collision resolution



algorithm, whose task is to reschedule transmission of the collided packets at times which will be
nonoverlapping with high probability. Beyond a certain range of channel utilization a common
problem of random access algorithms is the problem of stability. Much research has been done
recently to find collision resolution algorithms which maximize throughput. Current research fo-
cuses on the issues of capture, which models the case when part of the transmissions involved in a
collision can be recovered (for example the ones with higher transmission power), and decentralized

transmission rate control to ensure stability.

The third approach, the simultaneous transmission philosophy or Code-Division Multiple-
Access (CDMA), allows simultaneous, asynchronous access to the common channel, without the
penalizing feature of collisions. Here each user is assigned a fixed, distinct signature waveform,
which he uses to modulate his digital information sequence, as if he were the only user of the
channel. The input to the receiver consists of the superposition of the transmitted waveforms,
perturbed by additive noise. The task of the receiver is to demodulate all transmitted sequences,

or a proper subset of these.

The fact that each user is assigned a characteristic modulating waveform enables the destination
to demodulate his information by correlating the incoming signal with a coherent replica of the
desired user’s signature waveform. If, aside from comparison to a set of thresholds, no further
processing is done after this correlation, the resulting receiver is known as the conventional/single-
user receiver. This receiver is widely used in practice due to its simplicity and to the fact that it is
the receiver which minimizes the probability of error for reception of a single-user signal on a white
Gaussian noise channel. Due to a spurious component of each non-orthogonal interfering waveform
in the correlator output of the desired user, the performance of the conventional receiver is adequate
only as long as the energies of the interfering users are under a certain level and the crosscorrelations
between the signals are low enough. What “low enough” is, depends on the number of users and
on the operational energy range. In practice, low crosscorrelations are obtained by assigning the
users Spread-Spectrum pseudo-noise sequences with long constraint lengths. Much research has
been done on how to design sequences which have good auto- and crosscorrelation properties for all
relative shifts (e.g. [Sar 80]). Examples of these are maximal length shift-register sequences, Gold

sequences and Kasami sequences.
However, no matter how well the sequences are designed, if one or more of the interferers is

sufficiently strong, for example due to much closer proximity to the destination, the probability of

error of the conventional receiver is bounded away from zero even in the absence of background noise.



This problem is of great importance in practice due to its ubiquity in communication systems with
time-varying or very dissimilar topologies, and is known in the literature as the near-far problem
([Scho 77],[Pic 82]). At present it is the main shortcoming of Multiple-Access systems using Direct-
Sequence Spread-Spectrum (DS-SS), which is one of the two main spectrum spreading techniques
used in practice. (The other being Frequency-Hopping). DS-SS is often used in applications which
require anti-jamming capability and immunity from hostile sources. One attempt to combat this
problem without changing the receiver structure has been to control the power of the transmitting
stations such that the received energies are similar. For example in [Ska 82] each transmitter
estimates what power its signal has at the destination by estimating the arriving power of the
return signal from the destination, whose power it knows. The disadvantage of this approach is
both increased transmitter complexity, which may be undesirable, and the fact that the strong
users have to put up with reduced performance for the benefit of the weak ones. Furthermore, the

anti-jamming capability of the system is decreased.

However the near-far problem is not an inherent problem of DS-SS systems. If the receiver
has knowledge of the interfering waveforms, the performance of CDMA systems can be greatly
improved. Then each destination has a correlator and sampler for the signature waveform of each
user, thus obtaining a discrete sequence which can be shown to be a sufficient statistic. Verdu
[Ver 84c] found and analyzed the maximum-likelihood multiuser receiver for CDMA systems and
in particular showed that the optimum receiver is not near-far limited. The optimum multiuser

receiver follows the correlating front end by a Viterbi algorithm.

1.2 Previous work

Comparatively little work had been done previously on the demodulation/detection aspects
of the multiuser channel. After Viterbi published his well-known maximum-likelihood decoding
algorithm, which he had devised for the decoding of convolutional codes, various researchers in the
field identified its relevance to related problems, e.g. [Kob 71] to correlative level coding, [For 72]
to the intersymbol interference channel and [Ett 76] to M-input M-output dispersive channels with
synchronous inputs, an environment which is related to the multiuser channel we are considering,
due to the fact that the intersymbol interference introduces memory. The latter is one of a number of
works on combatting crosstalk in multi-input multi-output dispersive communication systems using

pulse-amplitude modulation, most of them concerned with the structure of optimum linear receivers

5



under various criteria, including the work of [Shn 67] who finds the optimum linear receiver under
a zero-forcing constraint, [Ett 75] who finds that the optimum linear filter under the minimum-
probability-of-error criterion has the structure of a matched filter front end followed by a tap delay
line, and of [Kay 70] who generalize the previous to I-input M-output diversity systems under a
mean-squared error criterion. The models of these works are very general and they recognize the
fact, first noted by [Shn 67], that intersymbol interference and “crosstalk” (synchronous multiuser
interference) can be treated in a unified framework. (We now know that intersymbol interference
can be viewed as additional multiuser interference by increasing the dimensionality of the user
population, and conversely multiuser interference can either be viewed as periodically time-varying
scalar intersymbol interference, or, if synchronization and matched filtering capabilities are assumed
at the receiver in order to obtain a discrete-input discrete-output equivalent channel, as a vector
generalization of intersymbol interference.) However, due to the generality of their model, the
above works contain few specific results and in particular contain very little performance analysis.
Earlier work on the multiuser channel of which we are aware considered multiuser receivers for the
synchronous channel, specifically the receivers of [Hor 75] and [Sch 79], [Sch 80]. In [Sch 79] it is
claimed erroneously (cf. [Ver 86b]) that a memoryless linear transformation on the matched filter
front end is optimum in terms of bit error probability. Though this is not the case, the proposed
receiver emerges as the solution in the synchronous case to the problem of finding a linear receiver
which has desirable near-far performance, which is part of this work. In a short discussion of
the asynchronous channel [Sch 79] also suggests that the Viterbi algorithm will provide a suitable
solution. His intuition was correct as proved in [Ver 84c]. The performance of the conventional
receiver under conditions of multiuser interference has been amply investigated in [Pur 81], [Pur
82], [Ger 82]. In part the relatively small amount of work on the multiuser channel prior to [Ver
84c| (which was in turn motivated by [Poor 80]) is due to the widespread previous belief that a
more complex receiver than the conventional one would not yield a worthwhile performance gain
([Pur 81], p. 153). This belief was proved wrong in [Ver 84c|, which triggered a new research effort

in the multiuser communications area.



1.3 Motivation

The main reason for the quest for new receivers, now that the minimum probability of error
and the maximum likelihood receivers for the asynchronous CDMA channel are known, is the

exponential computational complexity in the number of users of these decision algorithms.

The computational complexity of the various decision algorithms can be measured and com-
pared by their time complexity per binary decision, TCB, i.e., the limit as the length of the
transmitted sequence tends to infinity of the time required by the decision algorithm to select the

optimum sequence divided by the number of transmitted bits.

While the TCB of the conventional single-user detector is constant in the number of users,
its bit-error rate is bounded away from zero for sufficiently high energy of any interfering non-
orthogonal user, that is, the conventional systems can become multiple-access limited even in the
absence of additive noise. On the other hand any prespecified error probability was shown [Ver
84c] to be achievable using the optimum detector. Unfortunately it is also shown that the decision
algorithm for the optimum multiuser detection problem is NP-hard in the number of users, i.e.
has a TCB which is exponential in the number of users, unless NP = P. Therefore the optimum
multiuser detector becomes impractical for user populations above, say, 10. It is this trade-off
between achievable performance and necessary time complexity per bit which motivates the current

research in multiuser detection.

The aim of this thesis is to derive and analyze receiver structures which offer bit-error rates
close to that of the optimum detector while maintaining computational feasibility. In particular
this work is concerned with remedying the near-far problem with a detector with low computational

complexity.

1.4 Outline of the thesis

In Chapter 2 we present the multiuser performance measures used to quantify and compare the
performance of multiuser detectors. The first, the asymptotic efficiency, is specifically tailored to
capture the performance degradation under conditions when the main impairment is the multiple-
access interference, rather than the background noise. The second, the near-far resistance, measures

the detector’s robustness to the near-far problem which is our main concern in this work.
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Chapter 3 focuses on the synchronous CDMA channel. After deriving the near-far resistance
of both the conventional and the optimum detectors, the decorrelating multiuser detector is intro-
duced. This detector linearly transforms each vector of matched filter outputs with a generalized
inverse of the signal crosscorrelation matrix. It is shown that, somewhat unexpectedly, the near-
far resistance of the optimum multiuser detector coincides with that of the decorrelating detector,
whose complexity per demodulated bit is only linear in the number of users. In Section 3.5 the
optimum linear transformation on the matched filter outputs is found, and conditions on the signal
energies and crosscorrelations are given under which, for a certain user, its asymptotic efficiency is
equal to that of the optimum multiuser detector. The issue of computing the decorrelating detector
is addressed, and an iterative algorithm which converges to the decorrelating detector is given. In
Section 3.8 an iterative decision-feedback scheme with the decorrelating detector in the first stage
is proposed. This receiver uses the correlation of the noise samples in the matched filter outputs
to reduce the variance of the noise components by subtracting a noise estimate based on the past
decisions of the other users. The performance in the second stage is analyzed, both for feedback

from all the users and for partial feedback, and near-far resistance is shown to be preserved.

Chapter 4 is concerned with the asynchronous CDMA channel. In Section 4.1 it is shown that
the near-far resistance of the optimum multiuser detector can be achieved by a linear detector (the
decorrelating detector), which is obtained explicitly in Section 4.2, as well as its implementable
version as a linear time-invariant system. The dependence of the error probability of this detector
on the received delays and phases is discussed and a numerical comparison of the error probability
of the decorrelating receiver and the conventional receiver in a scenario of practical interest is
given. In Section 4.4 a computationally much simpler one-shot detector is considered, which trades
a lower level of near-far resistance than the decorrelating detector in return for lack of memory. A
numerical comparison with the decorrelating detector is shown for some of the examples considered

earlier.

Finally, in Chapter 5 the situation when the signature sequences of the other users are unknown
is considered, in the case of a synchronous channel. An adaptive algorithm is presented which is
shown to converge to the decorrelating detector as the level of the background noise vanishes, and
to the conventional detector, if the multiuser interference level goes to zero, i.e. to the respectively

optimum strategy under the respective (limiting) channel conditions.



1.5 Parallel work in the field

Other possible approaches to the presented issues are to devise suboptimal lower complexity
versions of the Viterbi algorithm, as done in e.g. [Due 87] for the intersymbol interference channel,
or to find suitable sequential algorithms, with a metric closely related to the optimal one, as in
[Rus 88]. However these schemes rely largely on intuition and heuristics, which is why we chose
to formulate a computationally favorable class of detectors and to optimize performance over this
class. A recent publication which derives an optimal linear receiver under an asymptotic error
probability criterion in a hypothesis testing setting is [Gal 88]. Another recent attempt to derive
detectors for multiuser channels is [Var 88a], where the decisions of the conventional detector are
used to subtract an estimate of the multiuser interference. A similar idea is pursued independently
in Section 3.8 of this thesis. Part of the results presented here (also [Lup 86|, [Lup 89a]) have
been incorporated in [Var 88b], where the decorrelating detector is used instead of the conventional
detector to obtain near-far resistant initial decisions. Finally, [Poor 88b] analyzes the form of the
optimum single-user detector in a multiuser channel. For a further discussion on research in the

field see [Ver 88].



2. Multiuser Performance Measures

2.1 Asymptotic Efficiency

The performance measure of interest in communication systems is the bit-error rate or proba-
bility of error achieved by each transmitter. Since the single-user error probability (of the optimum
single-user detector) on the Gaussian channel is a one-to-one function of the signal-to-noise ratio
(SNR), the same information as the error probability is contained in the efficiency, defined for each
user as the ratio between his effective SNR and his actual SNR, where the effective SNR is the
one needed to achieve the same error probability (using the optimum single-user detector) without
interference from other users, and the actual SNR is the received energy per bit of the user divided
by the power spectral density level of the background noise (not including interference from other
users). Since it is the ratio of two energies, the efficiency is nonnegative, and since the effective
energy is upper bounded by the actual energy (a user’s error probability in a multiuser environ-
ment is lower bounded by his single-user error probability), the efficiency is less than or equal to
unity. The main performance measure we are interested in is the bit-error-rate in the high signal-
to-background noise region. Thus, even though the background thermal noise is not neglected, the
main focus will be on the underlying performance degradation due to multiple-access interference.

This is a meaningful way to look at the problem, and offers the advantage of tractability.

With this in mind a suitable multiuser performance measure is the asymptotic efficiency, intro-
duced in [Ver 84c]|, [Ver 86a], and defined as the limit of the efficiency as the background noise level
goes to zero. Thus the asymptotic efficiency is defined for each user as the limit as the background
noise level goes to zero of the ratio between its effective energy and the actual energy it has in
the multiuser environment. Therefore it is a measure of the performance loss due to the existence
of other active users in the channel. Consider an additive white Gaussian channel with binary
antipodal signaling, to which we always refer in the sequel, such that the received waveform upon

transmission by a single user is
r(t) = bvw s(t) + n(t)

where b, w and s(t) are the transmitted bit, the received energy per bit, and the normalized received
version of the modulating waveform, and n(t) is a white Gaussian noise process with power spectral

density o2. Tt is well known (e.g. [Woz]) that the error probability of the optimum detector for this
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situation, which is a filter matched to s(t) followed by a sign decision, is™ Q(y/w/c). When K users

Kt user received energy and error probability (achieved by the specific

are transmitting, let the
detector under consideration) be equal to wj, and Py, respectively. Then the effective energy e (o)
is such that Py(0) = Q(\/ex(0)/o) and the k" user asymptotic efficiency of this detector can be

written as [Ver 86a]

N = lim ek(a)
o—0  wg
~ sup {o <r<1; lim Pyo) ] Q) < -I-oo} . 2.1)
o—0 o

We can make the connection between the two above definitions in the following way: Consider
the behavior of Py(o) as o goes to zero. Since no multiuser detector can outperform the optimum
single-user detector in a single-user environment, Pj(o) decays in the limit either as a Q-function,
or slower. In the first case the value of r to ensure a finite ratio in (2.1) will be such that the two
Q-functions have the same arguments, i.e. it will be the ratio of effective and actual energy. In
the second case, (2.1) predicts an asymptotic efficiency of zero, which follows also from the first

definition, since for the second case to hold the effective energy must tend to zero.

From the above discussion it becomes clear that the asymptotic efficiency has the following
geometric interpretation: the logarithm of the k" user error probability decays asymptotically with
the slope corresponding to a single-user with energy ngwyg. It also follows that while an irreducible
error probability entails a zero asymptotic efficiency, conversely an asymptotic efficiency of zero
means that the error probability does not tend to zero exponentially fast with increasing kP user
signal to Gaussian background noise ratio. To illustrate how the asymptotic efficiency is obtained,

kth user error probability can be shown to be a weighted sum of

consider a linear detector. The
Q-functions, one for each possible interfering bit-combination; as ¢ — 0 the Q-function with the
smallest argument dominates and determines the error probability. The asymptotic efficiency is

obtained from this smallest argument.
The importance of the asymptotic efficiency as a multi-user performance measure on the Gaus-
sian channel is that - while probability of error, the actually interesting parameter in any binary

communication environment, is highly intractable, which is why other measures like mean-squared

(1) Qz) = J";O \/%_ﬂe—lﬂ/ZdU
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errors are resorted to, - it is a measure which is equivalent to probability of error in the high

signal-to-noise region, while offering the advantage of tractability.

2.2 Near-far Resistance

Since we are interested in alleviating the near-far problem, i.e. are interested in detectors
whose performance level is high for all received energies, a suitable performance indicator for near-
far robustness is the k" user near-far resistance, which is defined as the worst-case asymptotic
efficiency over all possible energies of the interfering users. Thus for a synchronous channel the
near-far resistance of a detector is defined as

Tk = nf 7 - (2.2)
]_

i#k
The definition for the asynchronous channel is given in Chapter 4. A detector is near-far resistant

for User k if the near-far resistance of User k is nonzero.
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3. Linear multiuser detectors for synchronous CDMA channels
3.1 Preliminaries

Suppose that the kP user is assigned a unit energy signature waveform, {sy(t) , t € [0,T]},
and he transmits a string of bits by modulating that waveform antipodally. If the users maintain
symbol-synchronism, and they share an ideal white Gaussian multiple-access channel, then the

receiver observes

K
rt) = 3 bel) Jwrl) sgt — IT) + on(t), t e [T, IT+T) (3.1)
k=1

where n(t) is a realization of a unit spectral density white Gaussian process, {b(l) € {-1,1}},
and wyg(l) are the k" user information sequence and the possibly time-dependent received energy
sequence, respectively. Assuming that all possible information sequences are equally likely, it suffices
to restrict attention to a specific symbol interval in (3.1), e.g. I = 0. For this reason in the sequel

specification of the symbol interval is omitted.

It is easy to check that the likelihood function depends on the observations only through the

outputs of a bank of matched filters:

T
e — /r(t) st dt, k= 1,---K (3.2)
0
and therefore y = (yi,...,yx) are sufficient statistics for demodulating b = (by,...,bg). In

this section we investigate ways of processing these sufficient statistics, which according to (3.1)

and (3.2) depend on the transmitted bits in the following way:

y = RWb+n (3.3)

where R is the nonnegative definite Hermitian matrix of crosscorrelations between the assigned

waveforms:

T
Ryj = / sk(t) 55(t) dt (3.4)
0

13



with diagonal entries Ry, = 1, W is diagonal with entries ,/w and n is a zero-mean Gaussian

K-vector with covariance matrix equal to o2 R.

In this chapter we do not restrict the signal set of the K interfering users to be linearly
independent, which means that R can be singular. Therefore many of the results are formulated in
terms of the generalized inverse of R, which obviously will reduce to the usual inverse, if the signal

set is linearly independent.

Note that the model of equation (3.3) is not the only one we could work with. Equivalently,
we could either choose r 2 rank(R) independent users and discard the other components of y,
or use a set of r orthonormal matched filters which are obtained from the waveform ensemble
{sk(t),t € [0,T),k = 1,..., K} via Gram-Schmidt orthonormalization. Both representations yield
sufficient statistics for the demodulation of b. The orthonormalized matched filter set yields a
white output noise sequence, therefore it is equivalent to a K-input r-output whitened matched
filter. However, both representations yield non-square matrices for » < K, and the Gram-Schmidt
procedure requires increased computational effort. For these reasons this work adopts the model

of (3.3), although if the signal set is linearly dependent, the sufficient statistic y is redundant.

In order to see where the additional demodulation difficulty comes from when the signal set
is linearly dependent, consider the case of singular noiseless demodulation, i.e. the problem of

demodulating b = (by,...,bg) fromy = (y1,---,YK),
y =RWhbh,

when R is singular. Since the collection of all possible hypothesis vectors b spans IR | it is apparent
that no linear transformation can recover b from y. In fact it is easy to show that noiseless singular
demodulation is NP-complete, because “PARTITION” ([Gar]: given L = {l1,...,In}, l; € ZT and
G € Z*, decide whether there exists a subset L' € L such that Yerli=G+ Xer—rl;) can
be reduced to a special case of “NOISELESS SINGULAR DEMODULATION”, namely the case
where the rank of R is unity.®® It is not hard to find an algorithm which solves noiseless singular
demodulation, i.e. given y decides whether a solution b with components in {—1,1} exists, and in

the latter case finds it, with a time complexity per bit of

T(K) = & 2577 0(?)

@) Let Ri; =lil;, y; = 1;G, W =L Clearly R is symmetric, nonnegative definite, and rank R = 1. Then since
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where r is the rank of R. To do this, one possibility is to choose r linearly independent columns of
R, assign all possible values to the K — r bits corresponding to the other columuns, solve for the r
remaining bits and accept a solution when these bits turn out to be -1 or +1. The given complexity

is then immediate.

Seeing that there is no linear transformation which solves noiseless singular demodulation, an
interesting question to ask is whether a subset of b can be recovered by a linear transformation.
The answer is given by Lemma 3.1. The following definition characterizes the dependence which is
the cause of the singularity of R. It is easy to show that dependence of modulating waveforms is

directly translated into linear dependence of the corresponding columns of R, r;, i =1,..., K.

Definition : Users u; i€ I C {1,...,K} form a mazimal dependent block if
Vx#0,st. Rx =0, Zrixi:0
el

and no subset I’ C I satisfies the above for all x in the nullspace of R.

Lemma 3.1: Application of the Moore-Penrose inverse® R* on the matched filter output vector
y decouples the users into maximal dependent blocks, i.e. if the users are relabeled such that users

in the same dependent block have consecutive labels, then R*R is block diagonal. &

Proof: Singling out a maximal dependent block I, let the matrices R, Rt and RTR be partitioned

according to the indices in I as

R - (M, A, N)
Rt" - (B, C, D)
R'R — (Y, X, Z)
where the first entry corresponds to the maximal dependent block, the last entry to its complement,

and since all the matrices are symmetric the notation (M, A, AT, N) has been abbreviated to the

above form. We want to show X = 0. By definition of a Moore-Penrose inverse,

R (R'R) = R = [M A] [Y_I X ] =0

AT N xT' z-1

@) A generalized inverse A of a matrix B is any matrix that satisfies . ABA = A and 2. BAB = B. The
Moore-Penrose generalized inverse, denoted by B+, is the unique generalized inverse that satisfies 3. AB and BA
are Hermitian.

15



= MY =M

ATy = AT
where the last implication follows from the definition of a maximal dependent block. Also
(RTR) = RTR = Y = BM + CAT
where from, multiplying by Y and using the previous equalities
Y? = BMY + CATY = BM + cAT = v

but
®R'R)?2 = R'R) = Y2 + XXT =Y

which means that

xxT =0 = X =0.

This result implies that independent users, i.e. users whose modulating waveform is linearly
independent of the others, can be easily demodulated in the noiseless case, since they are decoupled
by multiplication of y with RT, while for dependent users, a time complexity which is exponential

in the size of the dependent block is feasible.

3.2 Single-user detection and optimum multiuser detection

3.2.1 The conventional single-user detector

If it were possible to accurately model the multiple-access interference as a zero-mean white
Gaussian random process, then the optimum receiver would be the one which is known to be opti-
mum for detection of a known signal in white Gaussian noise, namely a filter matched to the known
signal, followed by a threshold. This strategy is optimal in the absence of multiuser interference,
which is why the aforementioned detector is called a single-user detector in this context. However,
in the multiuser environments encountered in practical applications, the Gaussian assumption is
unfounded, and the colored non-Gaussian nature of the multiuser interference has to be taken into

account. Regardless of this fact, due to its simplicity, the conventional single-user detector is the
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detector which is commonly used in practical situations. We focus now on this detector, along with

its performance in a multiuser environment.

Conventional single-user detection for the k" user decides on by in the simplest possible way.

kP user’s signal, instead of

The kP user receiver consists of a single matched filter, matched to the
the bank of matched filters which are necessary to generate the sufficient statistic y = (y1,-...,yx)
for demodulation of each user’s bit stream. Thus only vy is generated at the receiver, yielding the
following decisions for the Kt user:

b, = sgn yg -

It is apparent that the conventional receiver requires very little complexity, and that its time-

complexity per bit is independent of the number of users. On the other hand,

2
Ye = VWb + > w; Ri by + ny ng ~ N(0,0%)
itk
so that taking a sign decision on y; completely ignores the multiple-access interference component

> Jw; Ry; b; present in yg. As a result it becomes apparent that a sufficiently high interference
iZk

energy from any nonorthogonal user will result in an irreducible error probability, even for a van-
ishing background noise level. A necessary and sufficient condition for this to occur is that the
interfering energies are such that /wy < 37, |Rgi|\/w;. This shows that the only way to prevent
the conventional receiver from becoming multiple-access limited for sufficiently high interfering en-
ergy is to use an orthogonal signal set. The K" user error probability of the conventional single-user

detector is:

PE = Plye > 0 = 1
= Y Ply, >0|blPb|b = —1]
be{-1,1}%
bk:_l

Vwp — 3 Ry Juwi b
i1 £k

(3.5)

e D S

be{-1,1}¥
bp=-1

In the low background noise region the foregoing summation is dominated by the term corresponding

to the least-favorable bits of the interfering users, i.e., b; = sgn (R;,). Thus, the asymptotic
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efficiency of the conventional detector is equal to

Tw

Bl

i = sup{0 < r < 15 Tim Pf/Q ) < + oo} (3.6)
a

g

= max? {0, 1 — |R;z| \/17’} (3.7)

It follows from (3.7) that the conventional k" user detector is not near-far resistant (i.e., its
asymptotic efficiency is not bounded away from zero as a function of the interfering users’ energies),
unless R;;, = 0 foralli # k, i.e., only if the Kkt user’s signal is orthogonal to the subspace spanned
by the other signals. Otherwise,

nte = inf nf = 0. (3.8)

oy
For example for two active users, 7 = 0 for /w;/wy > 1/p, where p is the correlation coefficient
between the two waveforms. Actually, we can make a stronger statement than this. As explained
in Section 2.1, an asymptotic efficiency of zero does not imply that the probability of error will
be bounded away from zero as the background noise vanishes; it only limits the speed of decay to
be slower than exponential. However the error probability of the conventional receiver does not
decay to zero as o — 0 if its asymptotic efficiency is zero. (This holds for any linear detector, and
in general for any detector whose error probability can be represented as a sum of Q-functions).
Specifically, if the crosscorrelation coefficients and the user energies are such that for ny out of the

2K—1 5ossibilities for b € {-1, l}K, for fixed by, we have

Z b; R Wi > 1
itk Wk

and equality holds for ny possibilities, then the limit of the error probability in (3.5) as ¢ — 0 is

_ 1 2n1 + n9
pPe — ol-K (1 — X = ——=
k550 (1xn1+ 5 xno) oK

For example in the two-user case, if /wy//w1 = (1 + A2)/p, the error probability of the conven-
tional receiver for User 1 tends to 1/4 if A = 0 and to 1/2 if A > 0, for increasing SNR of User
1.

This clearly shows the multi-access limitation of the conventional detector, as well as the fact

that in order to obtain an adequate performance within a nominal range of energies stringent
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requirements have to be put on the crosscorrelations allowable between the modulating signals,
without being able to prevent a severe performance degradation if the multiple-access interference

exceeds the limit specified in the signal design.
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3.2.2 The maximum likelihood detector (optimal receiver)

Due to the fact that there are several users on the channel, optimum detection in the sense of
minimizing the probability of error can be conceived in two equally meaningful ways: the goal can
be a global one, i.e. maximization of the joint posterior density of the transmitted symbols given
the received signal, i.e.

b, € ul ar max Pb | {r(t),t € R}],
o€ uf wg max P ()t RY

where uy, is the kP unit vector, or maximization of the marginal posterior density, i.e.

by € arg max Plby=0b]| {r(t),te R} .

k 8 max b =b | {r(®), 1
We will refer to the first as maximum likelihood detection and to the second as minimum-error-
probability detection. Note that the two criteria do indeed lead to different detectors, which is due
to the fact that the symbols of the interfering users are no longer independent conditioned on the

received signal.

Example 3.1. As an easy example, consider a two-user CDMA detection problem, where the
matched filters are matched to the Gram-Schmidt orthogonalized versions of the modulating signals,
as discussed in Section 3.1. The matched filter outputs also form a sufficient statistic, with the
difference that the noise vector is uncorrelated, which eased the construction of the desired example.

The two-user detection problem then is

y1 = b1 + pby + mq
Yo = Vi—p2by + no .

Now let the crosscorrelation between the two signals be p = 0.6, the noise variance be 02 = 1
and consider the situation where the received vector y is [1,—0.1]. The posterior probability
P [b1,ba]y = [1,—0.1]] is shown in Table 1, for the four possibilities, i.e., rowwise, [b,bs] =
[1,1],[1,-1],[-1,1],[-1, —1]. The maximum likelihood detector decides for the composite hypoth-
esis which is most likely conditioned on the received vector, hence in this case will choose [1,-1].
Thus the maximum likelihood decision on the bit transmitted by the second user will be -1. On
the other hand the minimum-error-probability detector for User 2 maximizes
P(baly) = Y P (b,b1ly)
bre{l,-1}
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(1.1) (1.-1)

0.37 0.44

1 .
P [by.byly = [—0.1]] -
0.17 0.02

(-1,1) (-1,-1)

Table 1. Posterior probability of hypotheses for Example 3.1.

i.e. in Table 1 it will choose the symbol corresponding to the column with largest element sum. In
this case this is the first column, hence the minimum-error-probability decision on the bit trans-

mitted by the second user will be +1. VAN

Both the maximum likelihood and the minimum-error-probability receivers for asynchronous
CDMA have been found in [Ver 84c], and while they are both dynamic programming algorithms,
the first is a forward Viterbi algorithm, while the second is of the backward-forward type, and is in
general more complicated. However, [Ver 84c| shows that as the noise level decreases the number of
symbols in which the optimum sequences according to both criteria differ goes to zero. Intuitively,
this is because for vanishing noise levels the probability mass function P[b|y] concentrates increas-
ingly on one element, i.e. a table analogous to Table 1 would have one element close to 1 and the
others close to 0, so that both detectors would choose the same element. Since this work deals
with the performance of multiuser detectors in the high signal-to-background-noise region, where
the limiting factor is the multiuser interference, the aforementioned convergence in the high SNR
region of the performances of the two optimal detectors is the reason for which in the sequel we
may restrict attention to the maximum likelihood detector and refer to it as the optimum multiuser

detector.

The optimum multiuser detector selects the most likely hypothesis b* = (A{, - ,13}{) given

the observations, which corresponds to the noise realization with minimum energy, i.e.,

T K
b* carg min / [r(t) — Z by, s (t) 12 dt
be{—1,1}% 0 k=1
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—arg min b/ WRWbL -2y’ Whb. (3.9)

be{-1,1}X
The computational complexity of the optimum multiuser detector is radically different from that
of the single-user detector. While we have seen that the time-complexity per bit of the single-user
detector is independent of the number of users, no algorithm that solves (3.9) in polynomial time

in K is known. The reason for this is the NP-completeness of optimum multiuser detection [Ver

85], [Ver 89].

However the performance of both detectors is quite different as well. The kth user error
probability of the optimum multiuser receiver is asymptotically (as ¢ — 0 ) equivalent to that of a
binary test between the two closest hypotheses that differ in the k" bit (see [Ver 86b]). The square

of the Euclidean distance between the signals corresponding to these two hypotheses is equal to

K K
min min | b; si(t) — d; 3’(t)||2 =
dp7by,
—4 min €WRWe. (3.10)
GE{_LOal}K
ek =1

Hence, the asymptotic efficiency of the optimum multiuser detector is equal to

1
e = — mn e WRWe. (3.11)
WE  ec{-1,0,1}K
€ = 1
This is the highest asymptotic efficiency attainable by any detector because as ¢ — 0 the optimum
multiuser detector achieves minimum probability of error for each user. In the two-user case,

denoting p = Ry9, (3.11) reduces to

m = min {1, 1 + 2 _ g)p Y22 (3.12)
w1 N

and analogously for User 2. Unfortunately, no explicit expressions are known for (3.11) for an
arbitrary number of users. In fact, it is shown in [Ver 85] that the combinatorial optimization
problem in (3.11) is also NP-complete, if R is nonnegative definite. We will give a modified proof
which extends the result to positive definite matrices. This extension is nonobvious, because any
additional structure introduced (here it is the requirement of nonsingularity) may turn a difficult

problem into one solvable in polynomial time.
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Proposition 3.1: The following problem is NP-complete.

“MULTIUSER ASYMPTOTIC EFFICIENCY”:
Given K € IN, k € {1,..., K}, and a positive definite matrix R € RE*K

find the &t user asymptotic efficiency n; = Rka min . I Re &
e€{-1,0,1}
€ = 1

Note that we have absorbed the invertible positive diagonal matrices W into R, since there is a
one to one correspondence between the two situations, and positive definiteness is independent of,

and preserved by, multiplication by W on both sides.

Proof : The standard technique in proving NP-completeness of a given problem is to reduce to the
problem in question a similar problem, known to be NP-complete. We adopt the approach in [Ver
85] and reduce -1/0/1 KNAPSACK, which is shown therein to be NP-complete, to our problem,

using a modified reduction tailored for the positive definite case.
Reduction of “-1/0/1 KNAPSACK’ to “MULTIUSER ASYMPTOTIC EFFICIENCY”:

Given : {l1,l9,...,I1}, 1; € Zt,i=1,....Land G Z*

L
find whether or not there exist ¢; € {—1,0, 1}, such that > ¢l; =G
=1
given that the following problem can be solved for all K € Z1 and positive definite matrices

R:

A .
find o, = min e’ Re.
ec{-1,0,1}K
6k =1

To reduce the first problem to the second we define

K=L+1
y L, 1 =1,...,K—-1
L = G, i =K
R: Ry =1jlj+ A%, ije{l,... K}. (3.13)
then
xTRx:ZZ z; zj Ryj
i
K
= (Y @l + A% x|, (3.14)
=1
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hence ||z]| > 0 = x”Rx > 0, which means that the matrix R we have defined is indeed positive

definite, if A # 0. Now, for € as defined in the asymptotic efficiency expression,

K
TRe= (> 6li+ G)P? + A% e]?. (3.15)

=1
We can find the minimum of the right hand side (by assumption), and would like to know whether
the first term can be zero for some choice of {¢;}. Now, since ||e[|? < K, if we pick A2 < 1/K

the second term on the right hand side will be less than unity. Therefore, since the first term

is an integer, the sum is minimized if the first term is minimized. With this in mind, letting

2 . _ 1
A = Ao

a < 1 & 7YES” instance of -1/0/1 KNAPSACK

a > 1 & 7”NO” instance of -1/0/1 KNAPSACK.

We have shown that if we could solve “MULTIUSER ASYMPTOTIC EFFICIENCY”, we could
equivalently solve “-1/0/1 KNAPSACK?”, which has been shown to have a formulation as a special
case of the former. Thus our problem is at least as hard as “-1/0/1 KNAPSACK?”, hence at least

NP-complete. It is easy to see that it is in NP, which completes the proof. "

Nevertheless, it is indeed possible to obtain a closed-form expression for the near-far resistance
of the optimum multiuser detector, because the minimization of the asymptotic efficiencies with
respect to the energies of the interferers reduces the combinatorial optimization problem in (3.11)

to a continuous optimization problem whose solution is given by the following result.

Proposition 3.2: Denote the Moore-Penrose generalized inverse (see (3), p- 15) of the normalized
crosscorrelation matrix R, by R™. If the signal of the Kt user is linearly independent, i.e. it does

not belong to the subspace spanned by the other signals, then

Nk = %.mzfo e = R—Ijk (3.16)
i #£k
Otherwise, 7 = 0. &
Proof: Using expression (3.11) for the asymptotic efficiency of the kth user we obtain
_ . . 1
M = min min — ¢ WRW ¢
wi 20 ¢ ¢ 10,1}K Wk
i £k e =1
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. T
= min x Rx
xERK
zk:I

= min (1 + 22" my + z"Ry2) (3.17)

z ERK-1
where Ry, is obtained from R by striking out the k' row and column and my, is the k" column
of R with the k** entry removed. Henceforth, we will denote such a partitioning of a symmetric

matrix with respect to the k"

row and column by R = [1, my, Rg], where the leftmost element
in the square brackets is the k*" diagonal entry. The minimum in the right-hand side of (3.17) is

achieved by any element z* such that

Ryz* = —-my. (3.18)

Because of the Fredholm theorem [Lan 85, p. 115] (the range space of a matrix is orthogonal to
the nullspace of its transpose), the solvability of (3.18) is equivalent to my, being orthogonal to the
nullspace of Ry. But for all z € IRK—1 the parabola q(v) = v2 + 20 z7 my;, + zTRyz has
at most one zero because it is equal to the quadratic form of the nonnegative definite matrix R
with a vector whose k" coordinate is v and whose other components are equal to z. Therefore, the

T

discriminant of the parabola satisfies (z mk)2 — z'Ryz < 0; in particular, if z belongs to the

nullspace of Ry, then z” my;, = 0. So my, is indeed orthogonal to the nullspace of Ry. Substituting
(3.18) into (3.17) we obtain

n = 1 —z*Tsz*

— 1 - 7T R, R;c‘_ sz*

=1 - m{ R} my. (3.19)

Notice that the k" user is linearly dependent if and only if there exists a linear combination of
the columns of R that includes the k" column and is equal to the zero vector. Therefore, if a
user is linearly dependent then we can find x such that Rx = 0 and x; = 1, in which case the

penultimate equation in (3.17) indicates that 7 = 0.

In order to obtain the near-far resistance of a linearly independent user, we will employ the

following property, which will also be invoked in the sequel.

25



Lemma 3.2: If the k" user is linearly independent, then every generalized inverse R! of R

satisfies: (R'R)y; = Opj, (RRT); = &j forj=1,...,K and Rf, = RJ. &

Proof of Lemma 3.2: Let S = RIR — I. By the definition of generalized inverse, it follows that

RS = 0, i.e., every column of S is in the nullspace of R. But if the k" user is linearly independent,

it is necessary that the k" element of each such column be zero. Hence (R'R — I) gj = Oforall
j=1,-K.

Similarly, with 8 = RR! — I and SR = 0, we obtain (RR/) jk = Gjk- Equivalently
RRIu;, = wuy, using the k;, unit vector uy. Hence, for any generalized inverses R{ , R‘g,

R(R‘lr — Rg)uk = 0. But since the k*" user is linearly independent, it is necessary that the Kth

element of each vector in the nullspace of R be zero. Hence (R{ — Rg Jer = 0. n

Proof of Proposition 3.2 (cont.): Partitioning R* with respect to the kP row and column
we have, say, Rt = [y, ¢, C]. Now, computing the submatrices of the partitioned matrix RTR

and using Lemma 3.2, it follows that
RkC + ymg = 0 (3.20)

and

m, + v =1 (3.21)

Notice that v # 0 for otherwise ¢ would belong to the nullspace of Ry and would not be orthogonal

to my, which, as we saw, is not possible. Finally, substituting (3.20) into (3.19) we obtain

ek = 1 — - c’ RgRJ Ry c
gl
1
=1- = cTch
gl
1
=14+ - Cka
gl
1 1
= - = — (3.22)
v RE

where the second, third and fourth equations follow from the definition of generalized inverse, (3.20)

and (3.21), respectively. .
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3.3 The decorrelating detector

In the absence of noise the matched filter output vector is y = RWb, so if the signal set
is linearly independent (i.e. R invertible), the natural strategy to follow in this hypothetical
situation is to premultiply y by the inverse normalized crosscorrelation matrix R=!. The detector
b= sgn R™'y was analyzed in [Lup 86], where its performance was quantified in the presence of
noise. In [Sch 79] it was erroneously shown (cf.[Ver 86b]) that this detector is optimum in terms
of bit-error rate. Note that the noise components in R™'y are correlated, and therefore sgn R~'y

does not result in optimum decisions.

Since here (also [Lup 89a]) the signal set is not constrained to be linearly independent, the
above detector need not exist. In general, we will consider the set I(R) of generalized inverses (see
(3), p- 15) of the normalized crosscorrelation matrix R and we will analyze the properties of the
detector
b = sgn Rly, (3.23)
which we refer to as a decorrelating detector. Its name is due to the detector’s effect upon input
of y when the signal set is linearly independent: then the output is Wb + R~ !n, i.e. the matched

filter outputs have been “decorrelated”.

The k" user asymptotic efficiency achieved by a general linear transformation T can be ob-
tained similarly to that of the conventional single-user detector T = I (Section 3.2.1). The first
step is to find the bit error probability of the kth user:

P, = Plbp= 1lbp=—1] = P[(TRWb + Tn), > 0lby = —1]
= P[(Tn); > (TRW)y, — > (TRW)bj]
i7k
1-K
=2 > P[(Tn); > (TR)gxvwg — Y (TR)k;\/w5 byl - (3.24)
be{-1,1}¥ J#£k
bszl

Since the random variable (Tn);, is Gaussian with zero mean and variance equal to o?(TRT7) .y,

the sum in (3.24) is dominated as o — 0 by the term

21=K @ (be{lffi}K [(TR)gxv/wg — %(TR)kj\/w_j bjl / o\/(TRTT)gx)
- j
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which is equal to
1-K
27 QU (TR)ppv/wr, — D I(TR)yly/@j)/oy/(TRTT) ) . (3.25)
i#k
Hence according to definition (2.1) the k" user asymptotic efficiency of the linear receiver is equal

to zero if (TR)p/wg < X [(TR)g;|,/wj. Otherwise it is either equal to the square of the ratio
i#k

of the argument of the foregoing Q-function and the argument corresponding to the single-user

probability of error Q(,/wg /o), or equal to 1, whichever is smaller. Therefore

(TR)g; — _§k|<TR>kjWZ,;
J

(TRTT)

n&(T) = min {1, max? {0,

1. (3.26)

The min-operation can be seen to be redundant in this case as follows. Clearly the claim is true

if (TR)gr < 0. Otherwise, since all the terms subtracted in the numerator are nonnegative, it is

(TR)j; < /(TRTT), . (3.27)

Let vT denote the k" row of T and r; the k" column of R. Then we have to show

sufficient to show for all T

vir, < VvIRv (3.28)

or, after squaring both sides and collecting terms, it suffices to show that the kernel matrix is
nonnegative definite, i.e.
rprf — R < 0. (3.29)

kth unit vector,

We show this as follows. Letting ug be the
(x —zpup)T R (x —zpuy) = x'Rx — 2apx 1y + :L‘]% >0 (3.30)

for all pairs (x,z;) € (IRK,R), since R is nonnegative definite. But (3.30) can be viewed as a
second degree polynomial in zg, whose discriminant has to be nonpositive in order to guarantee

that the polynomial does not change sign. Hence
A= (xTr)? - xTRx < 0 (3.31)

or equivalently, for all x

xF(rprf — R)x < 0
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which completes the proof that the min-operation in (3.26) is superfluous.
Hence the k" user asymptotic efficiency achieved by the linear mapping T is

TR).. — TR),,; |/2i
(TR) j%" ki |/ ol

(TRTT)

ne(T) = max? {0, }. (3.32)

Thus the k** user asymptotic efficiency of a decorrelating detector with matrix R! is given by

(RR)y, — 2| (RIR)y, NE:

(R'RRI"),

ne(RY) = max?® {0, }. (3.33)

Define the highest asymptotic efficiency achievable by a generalized inverse, respectively the opti-

mum linear map by

AN
ni = sup  np(RT) (3.34)
RIcI(R)
and
1 A
N = sup  ni(T) . (3.35)
TERKXK

Proposition 3.3: If User k is linearly independent, every R € I(R) satisfies
n RY) = nf = 1/R}f, (3.36)
where the notation is as in Proposition 3.2. )

Thus for independent users the asymptotic efficiency of the decorrelating detector is indepen-

dent of the energy of other users and of the specific generalized inverse selected.

Proof : If user k is linearly independent we established in Lemma 3.2 that (R'R) kj = Ok;- Hence,
it follows from (3.33) that

1
R = 2 (3.37)
kk
and Proposition 3.3 follows, using the fact that, by Lemma 3.2, Rlék = RI_:k' .
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If User k£ is linearly independent it follows from Lemma 3.1 that the Moore-Penrose decorre-

lating detector, which isolates User k, has a probability of error given by

Pe(e) = @ (% (3.38)

+
o\ Ry
In Section 3.5.2 it is shown that if user k is linearly dependent, then

nd = nb

i.e. for a dependent user the best decorrelating detector and the best linear detector achieve the

k)th

same user asymptotic efficiency.

Proposition 3.4 : The near-far resistance of the decorrelating detector equals that of the optimum

multiuser detector, i.e., for all R’ € I(R),

_ N _
w;nzf , R = w;nzf o M = Tk (3.39)
j#k ik

¢

Proof : If User k is linearly independent, then according to Propositions 3.2 and 3.3 the near-
far resistance of the optimum detector is equal to the asymptotic efficiency of the decorrelating
detector, which is independent of the energy of the other users. If user k is linearly dependent,
Proposition 3.2 states that the near-far resistance of the optimum detector is zero, and hence the

same is true for any detector. "

The result of Proposition 3.4 is of special importance in a near-far environment, where the
received signals have different energies, and where the energy ratios may vary continuously over a
broad scale if the positions of the users evolve dynamically. In this environment any decorrelating
detector, with its linear time-complexity per bit, offers the same near-far resistance as the optimum

multiuser detector, whose time-complexity per bit is exponential.

k)th

Proposition 3.5: If the signature waveforms are linearly independent, the user asymptotic

efficiency of the decorrelating detector is lower bounded by:

77d _ 1 > 4 )\max/)\min
k Rlzkl ~ (Amax/Amin + 1)2

(3.40)

30



where Amax and Apin are the largest respectively smallest eigenvalues of R. &

This gives a lower bound of .89,.75, .56, .33 and .04 for a spectral condition number Amax/Amin
of 2,3, 5,10 and 100, respectively. As always when dealing with matrix inversion, a small eigenvalue

spread is desirable.

Proof: We use Kantorovich’s inequality [Horn 85, p.444], which states that, given a positive definite
matrix B with eigenvalues 0 < A1 < ... < Ay,

(x*Bx)(x*B71x) (3.41)

for all x € €". Moreover, there is a unit-norm vector x for which equality holds. Proposition 3.5

follows by letting x be the k" unit vector, and using the fact that Ry = 1. n

Numerical examples

The following examples illustrate the difference between the error probability behavior of the
conventional and of the decorrelating detector, for a 3-user and for a 6-user environment. The
waveforms used are Spread-Spectrum m-sequences of length 31. The first example, shown in Figure
1, employs the set of 3 sequences reported in [Gar 80, Table 5], to be optimal with respect to a
signal-to-multiple-access interference parameter when the conventional detector is used. These

sequences have also been used in related works ([Ger 82], [Ver 86a]).

The second example, Figure 2, uses the set of auto-optimal m-sequences of length 31 found
in [Pur 79, Fig. A.l] to be optimal with respect to certain peak and mean-square correlation
parameters which play an important role in the error probability analysis of the conventional
detector. The figures show the error probability of User 1 in a baseband environment (where the
crosscorrelation values are highest) with equal energy interferers, whose energy ratio to User 1 is
the parameter which indexes the different error probability curves for the conventional receiver.
Also shown are the error probability of the decorrelating detector for user 1 and, for comparison
purposes, the error probability of the single user channel. Note that the former is independent
of the energy of the interferers. The matrix R is given for interest, as well as the decorrelating

detector asymptotic efficiencies of all the users.

Both figures illustrate the strong dependence of the performance of the conventional receiver on

the relative energies of the active users, and the fact that the error probability of the conventional
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PROBABILITY OF ERROR|
o
[}
»

crosscorrelation matrix R:
100 0.55 0.6
055 1.00 0.81
0.61 081 1.00

—-—-— CONVENTIONAL ~ -
-8k DETECTOR S T

——— DECORRELATING " \ 0.78 0.59 055
DETECTOR -

[ SINGLE USER A\
| o_|o L 1 ! 1 i

decorrelating asymptotic efficiencies of all 3 users

4 6 8 10 12 14
SNR, (dB)

Fig. 1. Error probability of User 1 with 2 active equal energy interferers,
each of energy wj, averaged over the interfering bit sequences, for the
decorrelating and conventional receiver versus the SNR of User 1,

for m-sequences of length 31 and different interference levels.

receiver becomes irreducible even for vanishing background noise levels if the interference energy is
high enough. For 6 users the latter is seen to happen if each of the interferers has more than 1/3 the
power of User 1. Only if the multiple-access interference level plays a negligible role compared to
the background noise does the conventional detector outperform the decorrelating detector, which

pays a penalty for combatting the interference instead of ignoring it.

The same sets of sequences are used to illustrate the error probability constellation in the
asynchronous case (Section 4.3, Fig. 26, 27). The single error probabilities can be seen to be lower

in the asynchronous case, though the qualitative relations stay the same.

Figure 3 shows the asymptotic efficiency of User 1 achieved by the conventional detector,

the optimum multiuser detector and the decorrelating detector, for two users with crosscorrelation
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PROBABILITY OF ERROR

crosscorrelation matrix R :
1.00 0.35 0.23 0.35 0.35 048
035 1.00 048 048 061 0.35
0.23 048 1.00 0.74 048 0.35
0.35 0.48 0.74 1.00 0.74 0.35
0.35 0.61 0.48 0.74 1.00 0.35

e LR 048 035 035 035 0.35 1.00
BEQ{%%_&?S;ATING '\ decorrelating asymptotic efficiencies of all 6 users
07°r .- SINGLE USER A 0.83 0.73 0.62 0.49 0.58 0.83
1 1 | 1 \
a4 6 8 10 12 14
SNR, (d8B)

Fig. 2. Same as Fig.1, with 5 active equal energy interferers.

coefficient Rj9 = p, versus the square root of the energy ratio of the two users. The figure shows the
good performance of the optimum detector, who asymptotically performs as well as in the absence
of a second user, if this user is powerful enough; the decay to zero of the asymptotic efficiency
of the conventional detector for relatively low interference power, and the energy independence of
the asymptotic efficiency of the decorrelating detector, which is much superior to the conventional

detector except for very low interference.

3.4 Optimality criteria leading to the decorrelating detector

In this chapter we assume that R is invertible and present a number of optimality criteria
which lead to the decorrelating detector, thus providing further justification for its study. We

have already mentioned (Section 3.3) that the decorrelating detector is the optimal strategy in the

absence of noise.

Proposition 3.6: The decorrelating detector is the maximum likelihood detector in the case when

the energies are not known to the receiver. O
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~.
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\'\
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| Pl i Ve, Iw,

Fig. 3. Asymptotic efficiencies in the 2-user case (p = 0.6)

The * indicates the asymptotic efficiency of the best linear detector.

Proof : The maximum likelihood receiver selects the decisions that maximize the maximum of the
likelihood function over the unknown parameters ([Poor, Ch.2], [Hel, p. 291]), i.e.
T

K
b € ar min min /rt— be S su(t) 12 dt
& be{-L1}K  wi>0 [r(®) kzl k VW Sk(t) ]

0 =
T
= arg min min rit)ydt — 2y’ Wb + bl WR W b

— K w; >0
be{-1,1} z':lz,...,K 0

= sgn (arg min x! Rx — 2x% y) = sgnR7ly (3.42)
xeRK

Proposition 3.7: The decorrelating detector is the limit as the Gaussian noise level tends to zero

(o — 0) of the minimum-variance linear estimate of b given y, followed by a sign decision. O

Proof : The minimum-variance linear estimate (e.g. [Lue, p. 87]) of b given y is b = T*y where

T = i E |Ty — b|? 3.43
arg Teg}gm | Ty I (3.43)

The expectation is with respect to the noise and to the transmitted information vector, the two of

which are independent, and ||| is the Euclidean norm. From the Projection theorem, the optimum
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estimate is obtained when each component of the estimation error is orthogonal to each component

of the measurement vector y. Thus
* Ty _
E[(Ty —b)y | =0

whence,

™ = By’ [BiwT (3.44)

Since the bits transmitted by different users are independent of each other and of the background

noise, the above expectations are

Ebyl]l = Eb b"WR+n?) = WR (3.45)
and

E [yy'] = E[RWb+n) (b!WR +nT)] = RW2R + ¢’R, (3.46)

so that the minimum-variance linear estimate is given by

T = WR (RW2R + ¢’R)"! = W(RW? + 521)7! (3.47)
and
lim T = W 1R, (3.48)
o—0

Finally, since in order to use the additional information that b is binary data, a sign decision is
taken on f), multiplication by the diagonal matrix with positive entries W1 does not affect the

resulting decision B, and can thus be omitted. .

(3.8): The decorrelating detector is the analogue in multiuser communication of the zero-forcing

solution to the problem of minimizing peak distortion in automatic equalization. &

In his pioneering paper [Luc 65], Lucky considers the automatic equalization problem of recov-

ering the term q, from

1
Yo = ho |ao + 3= Y anhon (3.49)
0 n#£0

where the second term constitutes intersymbol interference and the h,, depend linearly on the set
of N parameters c;,j € Ky (called tap gains), which the system designer is free to choose, via
hn = > ¢ Tp_j- (3.50)
JEKN
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The criterion Lucky chooses to minimize, since it is the maximum value the intersymbol interference

term can assume, is the so-called peak distortion

A1
D:h—2|hn|. (3.51)
0 n#0

Under the condition that the level of the initial distortion D, = Y. | zy, | is less than 1, Lucky
n#0
shows that the zero-forcing solution is optimal, namely to choose the tap gains which simultaneously

cause hy, =0, for all n € Kpj,n # 0.

Setting our problem up along these terms, we have (for User k)

by = vy = r%v,/wkbk + Z r?w fwib; + mj, (3.52)
J#k

therefore in our case the peak distortion is

1 w;
D(v) = — Iy et 3.53
W = g7 2 (353)

From here it is apparent that the decorrelating detector would be optimal if we wanted to minimize
the peak distortion, a trivial result in this case, since in our case we have the same number of tap
weights as of interfering samples, which means that we can force the peak distortion to zero. Note
that the asymptotic efficiency can be expressed in terms of the peak distortion D as

(v) = r%v (1 — D(v))
k VvI R v

and we show in Section 3.5 that though in general the zero-forcing solution (i.e. the decorrelating

(3.54)

detector) is not the optimal linear rule, there exists a region of energies where it is. In his formulation
of the problem Lucky neglects additive background noise, and motivates his choice of the peak
distortion criterion with the words “it is a minimax criterion in that we seek to maximize the
customer’s minimum margin against noise over all data sequences”. A more appropriate procedure
might be to also take into account the noise, since the noise variance is also affected by the equalizer.

In this case one would maximize a functional equivalent to the asymptotic efficiency.
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3.5 The optimum linear multiuser detector

We now turn to the question of finding the optimum linear detector. We have seen that this
is a fruitful approach, since a particular type of linear detector, the decorrelating detector, offered
a substantial improvement in asymptotic efficiency compared to the single-user detector, while its
near-far resistance equaled that of the optimum multiuser detector. While we now know that no
detector, either linear or nonlinear, can outperform the decorrelating detector with respect to near-
far resistance, for fixed energies it is indeed possible to obtain linear detectors that have a higher

asymptotic efficiency than the one achieved by the decorrelating detector.

We find the linear detector which maximizes the asymptotic efficiency (or equivalently min-
imizes the probability of bit error in the low-noise region) and compare the achieved asymptotic
efficiency to the ones achieved by the conventional and optimal detectors. Thus we ask which

mapping T: IRE — IRX maximizes the asymptotic efficiency of the decision scheme

b = sgn(Ty) = sgn ( TRWb+Tn). (3.55)

The interpretation of this optimization problem in terms of decision regions is to find the
optimal partition of the K -dimensional hypotheses space into K decision-cones with vertices at
the origin. The surfaces of these cones determine the columns of the inverse T~! of the desired
mapping. Application of T on the cone configuration will map the cones on quadrants, after which

a sign detector is used.

Letting vT denote the kP row of T, the kth user asymptotic efficiency of a general linear

detector, as given by (3.55) was derived in (3.32):

rfv— Y [T |\ /L
k 7k J Wk

T) = max? 0, . 3.56
7 (T) { ) (3.56)

The best linear detector has the asymptotic efficiency
né = sup (V). (3.57)

veRK

Hence the asymptotic efficiency of the best linear detector is equal to
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rlv— Y | rTv |, /=L
k ik J W

2
= su max“ {0, 3.58
h= s mat | ) 3.59)
rpv — ;k | rjv |,/%Jk;
= max? {0, sup 7;(v)} with ng(v) = ] = . (3.59)
veRK viRv

In order to minimize the probability of bit-error, P, we have to maximize the smallest argument in
the sum of Q-functions, and equivalently maximize the asymptotic efficiency 7;,(v), with respect to
the components of the vector v. Since the map applied on the matched filter outputs is linear, the
asymptotic efficiencies of all the users can be simultaneously maximized, each such maximization

yielding the corresponding row of the map to be applied.

For the sake of clarity we first consider the two-user case, for which explicit expressions for the

maximum linear asymptotic efficiency can be obtained.

3.5.1 The two-user case

Throughout this subsection we denote the normalized crosscorrelation between both signals
by p = Rjs. Without loss of generality, let £k = 1. We first give an explicit expression for the

optimum linear detector:

Proposition 3.9 : The 1%¢ user optimal linear transformation T (y) = v’y on the matched filter

outputs prior to threshold detection is given by

vl = [1; —sgnp min { %, |o| } , (3.60)

_ {[1 —sgnp Vwp/wi] , if wz/wy < |pl (3.61)

1 -, otherwise .
¢
Note that [l — p] is the 1%¢ row of the decorrelating detector.
Proof : We have
L p
R = , vl = [1 ; w9 (3.62)
p 1
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v =TV |y/wi/wg

v) =
m( TR

_ Ldpva—|ptua|yfwj/wg (3.63)
\/1+2pvz+v% .

and the objective is to maximize the right-hand side of (3.63) with respect to va. We consider

the case |p| = 1 separately. Equation (3.63) depends on the user energies only through the ratio
A . . . .
r = Jwy/wi. With this substitution

l+pvy—|ptuvy|r

m(vz) = - (3.64)
1+ 2p vy +vj
a) Case |p| # 1: Introduce an indicator function for the absolute value term, as follows.
1, p+va>0
I = -1, p+uvy <0 (3.65)
0, else .
Then
d 1-p%) (I
d_”l:_( p)(rj'gfz). (3.66)
vy (1420 05+ 13)
Therefore we should take v9 = —I r when this is consistent with the definition of I as a function
of vy. Thus,
v =7r if I = -1<4<=0 <r <-—-p
vp=-r I =1<+=0 <r<p. (3.67)

As can easily be seen, both values correspond to maxima. If neither of these conditions is met, the
derivative does not have a zero. The optimal value for vy can be determined from a closer look
at the behavior of dn;/dvy of (3.66), shown in Figure 4 for both I = 1 and I = —1. Looking at
the curves we see the following. For both I = 1 and I = —1, the derivative of n; is positive for
v smaller than the abscissa of the zero of the derivative (which is equal to —I ), and negative
afterwards. Due to the nonlinearity of 71 the derivative has the form corresponding to I = -1
for v9 < —p and the form corresponding to I = 1 afterwards. The dashed lines show possible
positions of —p on the vy axis. Depending on where —p is located relative to —r and r, the resulting
derivative will have a zero (this happens when —p < —r or —p > r), or not (otherwise). In the

latter case, since the second branch (for I = 1) turns negative before the first one, we have to take
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Fig. 4. Behavior of the derivative in (3.66).

the largest value of v yielding a positive derivative on the first branch. It can easily be seen that
in the “no-zero” case, —r < —p < r, this is the point of discontinuity, i.e. vo = —p. Note that for
p = 0weget vl = [1 0], the identity transformation, as expected, since then the users are
decoupled and a single-user detector is optimal. By taking the inverse of R we also see that in the
“no-zero” case the optimal transformation vector is exactly the corresponding row of the inverse

correlation matrix.
b) Case |p| = 1: Equation (3.64) becomes

1+sgnpvy —|1+sgnpuwg|r
|1+ sgnp va|

= sgn (1 +sgnpwvy) — 7. (3.68)

m(vg) =

We see that for r < 1, any vy satisfying v9 sgnp > —1 is optimal, in particular the one given in
(3.61). Otherwise the asymptotic efficiency of the best linear transformation is 0, hence all linear
transformations are equivalent. Substituting the result of Proposition 3.9 into the asymptotic

efficiency of (3.64), we obtain the following.
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Proposition 3.10 : The k' user asymptotic efficiency of the optimal linear two-user detector

equals :

1/2 . 1/2
= { 1= 20| (w; fwp) /2 + wifwy, , i (wi/we)? < |l (3.69)
1-p?%, otherwise

for (i,k) € {(1,2),(2,1)}. %

The k" user asymptotic efficiency obtained in the range (w;/ wk)l/ 2 < |p| equals the optimum
asymptotic efficiency, obtained in (3.12). Even where it equals the decorrelating detector, outside
the region of optimality, the best linear detector shows a far better performance than the conven-
tional single user detector (see Figure 3), since if w;/wy, > p?, then 7} is independent of w; /wy,
whereas according to (3.7) the asymptotic efficiency of the conventional detector is equal to zero

for w; /wy, > 1/p?.

There is an intuitive interpretation of the dual behavior of the best linear detector and of the
boundary point 7 = |p|. The input to the threshold device corresponding to the first user, z; = vy,

has three components:

21 = i [1-p*+p (p+v2)] by (3.70)
+ /w1 | rp+o)lby + A,  fi~ N0 1 —p"+ (p+v2)7).

For r > |p|, the second term outweighs the second part of the first term, so the best one can
do is to eliminate it, by choosing v9 = —p (the decorrelating detector). Since this minimizes the
noise variance at the same time, it is the best strategy in this region. If, however, r < |p|, and if
additionally vg is such that the term p(p + v9) is positive, it is a better policy to allow interference
from User 2, which is compensated by the second part in the first term, and use the residual positive
contribution in the first term to increase the SNR compared to the decorrelating case. We have
seen that this strategy leads to the same performance as the more complex maximum likelihood

detector.

Note that in the two-user case the signal energies and crosscorellations cannot be picked such
as to allow both users optimal performance at the same time: for User 1 we need 7 < [p| < 1,

whereas for User 2 we need 7 > ﬁ > 1.
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3.5.2 The K-user case

Unlike Propositions 3.3 and 3.10, in the general K-user case it is not feasible to obtain an

explicit expression for the asymptotic efficiency achieved by the best linear detector.

Proposition 3.11: The k' user asymptotic efficiency of the best linear detector equals:

7)2 = max’ {0, max 7 (e)} with 7 (e) = sup vIRv (3.71)
ej€{-1,1} veRK
i#k vIRv=1
eerVZO
J
i#k

where the it* component of v, is equal to (v,); = { _ei V wj/w ! a :
7 =
7

Then the maximum 7(e) is achieved for ¥ such that

Vot 2 Ajeju; o
v = i#k TR (u])z = {(1) » f‘] (3.72)
(VZRVO +Vg'R > )\jerj) / » =
ik

ejr;r v>0 for j#k (3.73)
tTY A0 => A =0 (3.74)
Aj>0 Ak (3.75)
¢
Proof : Let
S;L = {xe R* : rfx >0} (3.76)
S]-_:{XEIRK: rjx<0}
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From (3.59) we seek

1 T T Wy
sup ———(rpv — [rzv | /=)
verRk VVTRv k J;c J wy,

i#k

1 T T | Wi
= max sup  ———=(r} v — E v |/=)) (3.77)
636{_1’1} VE?S‘:] V VTRV J?ék W

1 W
= max e), with e)= su ———(riv — riv —1y. 3.78
s n(e) v = oty S v 6

;
ik vens;

From the definition of v, we see that the term in parentheses equals viRv. Now v € I’]Sje-j =
J

ejr]Tv >0, j # k and, since nfc is invariant to scaling of v, maximization of the given functional

over IR¥ is equivalent to maximization over the ellipsoid vIRv = 1.

This proves the first part of Proposition 3.11. We now have a sequence of two maximizations to
perform, where the second one has the explicit form of an exhaustive search. We turn our attention
to the inner maximization in (3.78). We first show that it is possible to replace the feasible set

therein by an equivalent convex set, i.e., the asymptotic efficiency is unchanged if we replace

n(e) = sup vIRv by n(e) = sup VIRv . (3.79)
veRK veRK
vIRv =1 VTRVSI
eijVZO ejr;‘.rvzo
J#k i#k

In order to show (3.79), let y = RY/2v | ZJT — jth row of RY2. Then it follows that r]Tv = zfy,
VaRY2 =yl vIRv = y"y = ||y||%, and

ne) = sup  yoy = sup ||yolllyllcos o (3.80)
yeRK yeRK
llyll =1 Iyl =1
ejz;ryZO ejz?yZO
i#k #k

where « is the angle between the vectors y, and y. Since the inequality constraints are linear and
partition the space into convex cones with vertex at the origin, the optimal angle « is independent
of ||y||. Either the optimal cos « is nonnegative, in which case 7(e) is maximized for ||y|| maximal
in both versions, or it is negative, in which case n(e) < 0. In either case the value of ni, which
involves comparison with 0, is unchanged if the maximization is performed over the interior of the

ellipsoid, which completes the proof of the claim.
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We now have to consider the following problem:

n(e) = inf —viRv. (3.81)
veRrK
vIRv—1<0
—ejr?vgo
ik

Since this is a minimization problem of a continuous real function on a compact set, it achieves
a minimum on the set [Rud, Thm. 4.16]. Since both the cost function and the feasible set are
convex, any local minimum is a global minimum. Let ¥ be a minimizing v, unique up to addition

of a vector in the nullspace of R. Since all the functions are differentiable, we can apply the

Kuhn-Tucker conditions | e.g. [Bro], to get, from condition (1),

—Rvo+ X 2RV - ) Nejrj = 0

J#k
hence, since r = Ruj,
- 1
v = —( vy + Z)\jerj ) (3.82)
220 j#k

with u; the 4t unit vector, as defined above. Equations (3.73) and (3.74) result from the Kuhn-

Tucker conditions (2) and (3), condition (3.75) expresses the nonnegativity requirement for the ;.

There is one more constraint to satisfy, which is V7RV = 1 (we know from (3.79) that the bound
is achieved) :
1 vIRv
~T ~ T ~ T~
1 =v'Rv = By (vo RV + Z)\jejrj V) = 20)\0 (3.83)
ik
We used condition (3.74) to get the last equality. So
2 = ViRV = 7(e) (3.84)
and since
1
TR T T
vo,RV = 5 )\0( voRv, + v R Z)\jejuj )
J#k
we get
2% = (VERvo + VIR 3 Ajeju; )2 (3.85)
j#k
Together with equation (3.82) this completes the proof of Proposition 3.11. .

) Kuhn-Tucker conditions for minimum of differentiable convex function F (z), subject to the set of differentiable
convex constraints f;(z) <0,¢=1,..K : z is a minimum of F'(z) if and only if there exist nonnegative A;, i = 1,..K

such that (1) VF(z) + Y AV f;(x) =0, (2) f;(z) <0, all i, ( z feasible ), (3) f;(z) #0, = X; = 0.
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We would now like to have an explicit procedure to find the maximizing vector v given im-

plicitly by Proposition 3.11. Next we give an algorithm which solves this problem. The idea is the

following: condition (3.74) states that if the maximizing vector ¥ lies in the intersection of a subset

of the delimiting hyperplanes with equations r}"\"r =0, j €S, with § the index set of the specific

hyperplanes, only the A; , j € S are possibly nonzero and enter into the expression defining v.

Thus we have |S| equations with |S| unknowns, which we can solve to get the );, and then v.

In order to state (and prove the correctness of) an algorithm that finds the optimum linear

transformation, the following terminology will be used.

Definition 1 : Let S be an index set {j1 j2,...,4n},

in increasing order. Define

Definition 2 :

Definition 3 :

T

Dg(j) = det | 7

T

We introduce an indicator for the second Kuhn-Tucker condition:

If e Dg(j) >0

Rjj, - - - Ry,
lejl lejn
Rj, i Rj,, i,

then Cg(j) = yes , else Cg(j) = no

An n-tuple S of {1,...K}—{k} is matched if for alli € S :

CS—{i} (Z) = 1no.

Definition 4 :

An n-tuple S contains a basis B if {r;|jeB} is a basis for {r;|jeS}.
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Proposition 3.12 : The following algorithm finds a vector v achieving the maximum in Propo-

sition 3.11 :

[A] Search for the index set with least cardinality S C{1,..,K}—{k}, for which \;, i€S, are pos-

sibly nonzero

n:=0
all n-tuples := untried; S, := matched
while n < K-2
while there is still an untried n-tuple containing a matched basis B
select untried matched n-tuple := S,,, contained matched basis := B
if Vi¢Sn,j#k Cp (j) = yes, return S,, B, stop

else S, := tried

return
n:=n+l
return

print “decorrelating detector is optimal”, output {1,..,K}—{k},

stop

[B] Computation of the A; :

i ¢ B: \; =0
i € B: \; are the solutions of the |B| equations in [B| unknowns r;v = 0, i € B, where
VvV = Vo -+ Z )\ieiui
i€EB
[C]
Vot X Aieju;
i€B
(VIRv, + VIR T Niegu;)'/
1€B

v =

O

Comment : Recall that this procedure has to be repeated for all the different e; in search of the

maximal 7n(e) value, until either the efficiency 7n(e) reaches the upper bound given by the optimal
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detector, or all 2X possibilities have been exhausted. Prior to running the algorithm, the sufficient

conditions given in Propositions 3.13 and 3.14 should be checked.

Proof: Conditions (3.72) and (3.74) are obviously satisfied by construction of v in [C], and the

requirement rJT\"/ = 0 for the possibly nonzero A; in [B]. To prove conditions (3.73) and (3.75),

consider the system of |B| linear equations in | B| unknowns of [B]. From [A] the set B is matched,

and satisfies Cp (j) = yes for all j # k,j ¢ Sp. We have to show:
a) \; >0, foralli = 1,2,..., K.

b) Cp (j) = yesforall j+#k, j¢ Sy isequivalent to condition (3.73).

a): \; =0, i ¢ B, by construction of the index set Sy, and [B]. For i € B :

In step [B] we solve rj.T\"r = 0,alli=1,2,.,|B|: (let |B] =n)
v} vo+ Njej Rjjy + -+ Nj,€ju Rjj, = 0 (3.88)

T J—
Tj,Vo + )‘jl €1 Rj2j1 +-t )‘jnejnRjzjn =0

T _
r; Vo + Ajej Ry, + -+ Aje5,Rj.5, = 0.

Denote by Dp the determinant of the coefficient matrix of the A;,e;,. This coefficient matrix is the
reduction of R to rows and columns indexed by elements of B. Therefore it is nonnegative definite,
which implies Dg > 0. However, because B is a basis, the signal set restricted to indices in B is
linearly independent ® | therefore Dp is strictly positive. Then, by Cramer’s rule,

N Dp—gjsy i)

= (3.89)

(5)
B is a basis <= (VacR'Bl, 3j€{1,....K} s.t. Z a;R;; #0)
j€B
T
< (VacRBl, 3je{1,. K} s.t. /[Z ;5;()]3(t)dt # 0)
0 JEB
= {3;(t),7 € B }inearly independent

(The converse is also true, as is easily seen).
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The numerator is obtained by i row flips and i column flips in order to get j; into position (1,1).
Since the set B is matched, the numerator is nonnegative. As obtained above, the denominator is

positive, hence \; > 0 for all i € B. This completes the proof of a).

b): Since rJT{r = 0,7 € B and B is a basis of Sy, rg’v =0, j€ Sy Forj ¢ Sp, j#k:
With the values obtained for A compute the “feasibility” expressions (omitting the positive denom-

inator) :

ejr;-r\”/ = ejr37 (vo+ Z Aie;iu; )

i€EB
€5 .
= D—J (Dprivo+ Y —Dp_rj(i) Rj; )
B i€B
1
= B¢ Dpg(5) > 0, since Cpg(j) = yes, Vi¢Sn,i#£k . (3.90)
B

The last equality is obtained by expanding along the first row of Dpg (j). This completes the proof

of b). By construction the algorithm terminates after at most K-2 steps. "

In Part [A] of the algorithm notice that n = 0 corresponds to a solution in the interior of the
feasible cone, with all A equal to zero, and ¥ = v,/v/vIRv,. The corresponding asymptotic efficiency
n’(e) = vIRv,, which is equal to the asymptotic efficiency of the maximum likelihood detector
as given by (3.11). Call this case “the optimality case”. On the other hand, n = 1 corresponds to
a solution on exactly one of the delimiting hyperplanes, with exactly one A nonzero (let it be )\j).

Then ); is found in [B] by setting

rf\'} =0 = r} (vo + Ajejuj) =0

J
= )\jej = —I']TVO/RJ']'
Therefore,
~ 1 rfvo
V= —(vp— u;) (3.91)
n(e) Rj;
and )
(rfvo)
n?(e) = vIRv, — # (3.92)
J

The asymptotic efficiency achieved in this case is bounded above by the one for n = 0, since the

second term is nonnegative. If the matrix R does not have a lot of structure, which is to be expected
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in practical applications, this is the most probable case. For increasing n the computational effort

grows fast, but in most cases the algorithm will terminate for very small n.

We also have an explicit solution for the “terminal case”, n=K—1, which corresponds to the
decorrelating detector case. Then without loss of generality v = ri / ,/Ri , a scaled version of
the kP column of any generalized inverse of R, in particular of Rt, and n(e) = 1 /R;k, which

is equal to the kth user asymptotic efficiency of the decorrelating detector. This can be showed as

follows: In the terminal case rJT\"r = 0, for all j # k. Hence
T T 1
nle) = max vVv,Rv = max ripv = max —. (3.93)
VEIE ’IYER velf Vg
‘;R“:;é r.;:O Rv:Wuk
. j
i#k vkrzv =1

If User k is dependent, r]T\"r = 0,Vj#k implies rfv = 0, hence the feasible set F' in (3.93), F =
{v|[Rv = % uy}, is empty and n(e) = 0. Since this was the best choice of ¥, we can without loss
of generality replace v by the k' row of any generalized inverse, because the resulting asymptotic
efficiency cannot become negative. If User k is independent, Lemma 3.2 implies RR'uj, = uy, and
for all v in the feasible set,

1 I Lo

Rv = —u; <— R'Rv = —Ruk
Uk Uk

kth

hence, using Lemma 3.2 to obtain the elements of the vectors on both sides,

Lo +
v = aRkk = vp = /Ry = Ry

The last equality was also obtained in Lemma 3.2. If User k is independent the feasible set F in

(3.93) is nonempty, (e.g. it contains the set % ri’ R’ € I(R), since Rr;, = uy, ), from Lemma 3.2,

and for allv € F, v}, = R,':k. Hence n(e) =1/ R,':k, which is the energy independent asymptotic

efficiency of the decorrelating detector for independent users. u

We showed that there is an energy region for which the best linear detector is equivalent to
the optimum multiuser detector (“optimality case”), and an energy region where it is equivalent
to its lower bound, the decorrelating detector (“terminal case”). In the following results we give

sufficient conditions for these two boundary cases.
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Proposition 3.13 : The following are sufficient conditions on the signal energies and crosscorre-

lations for the best linear detector to achieve optimal Kt user asymptotic efficiency:

> Vi Rl ) - (3.94)

1
VW >  max (75—
J itk

=1,...,.K |Rkj|
%

Proof : In the optimality case, ejrfvo > 0 for all j # k. If we introduce e, = 1 this has to hold
also for j = k, otherwise we get negative asymptotic efficiency. Letting D be the diagonal matrix

with 4" diagonal element equal to e; and noting that
—Vw1/wy
vo = D 1 + kP position (3.95)

—\/w}c/%

an equivalent requirement is that each component of the vector

Ry
Ri1 eteaR12 ... e Ry ... elegRik —/wy/wy,
e1eaRoq Roo ... eRy ... esegRog .
DRv, = _ _ _ ok . : (3.96)
exelRg1 exeasRgo .. eKRKk Rk
| —Vwk /wp |
be positive. We now see that a sufficient condition for this to be satisfied for some ey, ..., ek is
A w; ,
|R;r| > Z |R]Z| , 7 =1...,K. (3.97)
! ik VW
The corresponding e; are ej = sgn Rjj. "

Note that the above condition can be satisfied by only one user, because then

Vwg > Jwi/|Ry| > \Jw; , forall j. (3.98)

Proposition 3.14 : If User k is linearly independent, the following condition is sufficient for the
Et" row of the decorrelating detector RY € T (R) to be the best K" user linear detector for a given

set of signal energies and crosscorrelations :

-
IRi| < Rpy ¥—= , forall j#k. (3.99)

v
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Proof : We showed that in the terminal case if User k is linearly independent, any ¥ = r}/\/R;,

is a maximizing vector for viRv. From (3.84) and Lemma 3.2 (RR'u; = uy,)

RI‘I vTuk 1
2, = VIRV = vI = = ok _ .
VB VB Bk

As a consequence, there are nonnegative Kuhn-Tucker multipliers \;, such that, with (3.82),

I
r
S — k_ _ P
v = AL = /R (vo+ E Ajejuj) (3.101)

(3.100)

J#k
or
1 w1 w r
e = | = /—)e1,...,1 Ak — 4| — 3.102
TR [( 1 ”wk)ela 1 (Ak oy VK (3.102)
SO
w‘ .
A = —Vw;+ejR§k/ng, i£k. (3.103)
Hence (3.99) is sufficient to ensure \; > 0 regardless of {e; , i # k} . .

Note that in the two-user case, Proposition 3.10 implies that the sufficient conditions found in

Propositions 3.13 and 3.14 are also necessary.

Proposition 3.15 : If User k is linearly dependent, then

1>

AN
nt = sup  mp(RT) =  sup (T o (3.104)

R€I(R) TeRK*K

i.e. for a dependent user the best decorrelating detector has the same asymptotic efficiency as the

best linear detector. O

Proof : Using (3.33), we can write:

(R'R) — .Ek|(RIR)kj| e
77,‘5 = max? {0, sup iz }. (3.105)
RI€I(R) (R'RRI")

Since R is nonnegative definite of rank r, it can be represented using its orthonormal eigenvector

matrix T, and the r x r diagonal matrix A of nonzero eigenvalues of R, as

R=T [‘3 g] T" . (3.106)
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Then (cf.[Bou]), R’ is a generalized inverse of R if and only if, for some matrices U and V of

appropriate dimensions, it can be represented as:

AV
I __ T
R =T [ U UAV] T . (3.107)

Hence, using the corresponding partition of T, we can write:

I o][TY
(RIR); = ul [T1 T [U N 0] [Tﬂ wj = ul (T,TY + T,UATT) u;  (3.108)
T A—l UT TT
(R'RR" )y, = uf [T1 Ty [ U UAUT] [Tér] uy,
= uf (T1A'T] + ToUTY + T;UTY + ToUAUTTY) uy, (3.109)

and

ul (T + ToUA)TTuy, — .Ek|u,:g(T1 + ToUA) T wy| /52
iz }. (3.110)

ng = max? {0, sup
UeR(K—r)sr \/ug(Tl + TyUA)A (T + ToUA) uy,

Since User k is dependent, uzTg, whose components are the k" components of the eigenvectors
to eigenvalue zero, is nonzero. (Otherwise for all x with Rx = 0, z; would be zero, which implies
that the k" user is linearly independent of the other users.) Therefore, and since A is invertible,

we can make the change of variables
x = (T1 +ToUA) uy (3.111)

to get
e
xTT{uy, — > |xTT{uj|,/w—;
ng = max’ {0, sup i7k
X VxTA—1x

From here, with the same reasoning as in the proof of Proposition 3.11 for the best linear detector,

}. (3.112)

we obtain
d — 2{0 I 3.113
e = max” {0, max sup voT1x } (3.113)
ity e
! J#k xI'A-1x =1
eijTr{uJ‘ZO
J#k
where the it" component of v, is equal to (v,); = { ;ei V wj/wp, , Z 7k
17 =
?
= max? {0, max ng (e)} with 771(5 (e) = sup vITix (3.114)
eje{—l,l} x€RT
i#k xTA-1x=1
eijTTuJ-ZO
itk
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whereas the &t user asymptotic efficiency of the best linear detector equals, cf. (3.71)

nfc = max’ {0, max 775c (e)} with nfc (e) = sup vIRv .
eje{flal} VERK
j#k vIRv=1
ejrovzo
ik
Let
v € arg nfg(e) € arg  max vIRv . (3.115)
veRK
vIRv =1
eerTvzo
J#k

We show that x* = AT{v* is feasible in (3.114), and v} T1x* = nZ(e) :

T T T
ejx* T{u; = ejv* TiAT{u; = ¢;v* Ru; (3.116)
T
= ejv* I'j Z 0 (3.117)
since v* feasible. Also
T T T
x* ATIx* = v¥ TIAAT'AT{V = v Rv* = 1. (3.118)

Hence x* is feasible, and

viTix* = vITiAT]v* = viRv* = ni(e). (3.119)

We know that ng < 172, since the decorrelating detector belongs to the class of linear detectors. We

exhibited for each e a feasible vector x*, which satisfied v. T1x* = né(e).

Since from (3.114) nl‘i(e) > vI'Tx for all feasible x, we have, for all e, ng(e) > ni(e). Hence
ni > n!, which establishes (3.104). .

Since the k" user asymptotic efficiency depends only on the k" row of the applied linear
transformation, optimization of 7 (R!) over the class of generalized inverses for each dependent
user k, yields different rows, each belonging to a different generalized inverse. Consequently, the

collection of the K optimal rows need not be a generalized inverse.

Finally notice that the near-far resistance of the optimum linear detector is equal to that of
the optimum detector, since it is shown in Proposition 3.4 that a particular type of linear detector,

i.e. the decorrelating detector, achieves optimum near-far resistance.
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3.6 A geometric interpretation

This section gives a geometric interpretation of the problem of constructing a linear decision
scheme for K-user synchronous CDMA, in the case where the signal set is linearly independent,
using the familiar formulation in terms of a hypothesis testing problem. Every linear detector for
User k can be viewed as a hyperplane in K-dimensional Euclidean space which separates the region
where the detector decides that User £k has transmitted +1 from the region where it decides —1. Asa
result the k¥ user asymptotic efficiency of a linear detector is determined by the smallest distance

kth component to the separating hyperplane,

among all those hypotheses which coincide in the
which implies that the best linear receiver problem for User k consists in finding the hyperplane
with maximal minimum distance to the multiuser hypotheses which coincide in the kth component.
Also an explanation of the equality between the near-far resistance of the maximum likelihood

detector and the asymptotic efficiency of the decorrelating detector is given, as well as a geometric

derivation of the best linear detector in the two-user case.

It is advantageous for the geometric intuition to view the detection problem in a domain where
the noise is spherically symmetric. Therefore set z =R/ 2y where R1/2 is the unique positive

definite square root of R. Then
z = RY/2Wb + n’, 10’ ~N(0,0°T). (3.120)

and in this domain the noise is spherically symmetric. The k" user receiver has to decide on the

basis of z whether by, = 1 or by = —1. Letting

1>

$1 = {RY*Wb |be{-1,1}K b, =1}

A

S_1 = {R'?2Wb | be {-1,1}5 b, = -1}, (3.121)

this is a two-hypotheses problem with

H 2 ¢ S +n — decide for by, =1

H' : 2 € S_; + n' — decide for by = —1. (3.122)

Any decision rule corresponds to a partition of the signal space span (S7, S—1) into a decision region
for Hy and one for Hy. The maximum likelihood detector decides -since the noise is spherically

symmetric- for the hypothesis which is closest in Euclidean distance to z. In the two-user case Figure
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a)

Fig. 5. Decision regions of a) the conventional, b) the maximum-likelihood

and c) a linear detector, for spherically symmetric noise.

5 illustrates the decision regions for the conventional, the maximum-likelihood and a general linear

detector.

On the other hand a linear detector decides according to

b, = sgnvly = sgn <u,z > (3.123)
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where for the second equality we have set u = R/2v/||RY/2v|. The normalizing factor is intro-

duced for convenience, and does not affect the sign decision. In other words, since u is a unit length

vector,

b, = sgn Py z (3.124)
where Py, denotes the projection operator onto u. Therefore the decision boundary for the kth user
is the hyperplane L, perpendicular on u, since this is where P, changes sign, i.e.,

Ly, = {x|Pax = 0}. (3.125)

Hence a linear detector for the kP user is specified equivalently by u or by the hyperplane Ly
perpendicular on u. (We know that it is sufficient to consider hyperplanes, i.e., we do not need to
introduce a possible offset from the origin, because of the symmetry of the hypotheses with respect
to a sign change in all coordinates). In order to have zero error probability in the absence of noise
it is apparent that the hyperplane corresponding to a reasonable linear detector has to separate Sp
and S_1. We will refer to such a hyperplane as a separating hyperplane. So this is how the decision
regions depends on the chosen u. On the other hand the asymptotic efficiency depends on u as
follows. From (3.56)
r,:gv— Z | rfv |\/$:Z
J#k }
vIRv

and recall that the absolute values resulted from the worst-case set of b;,j # k. Therefore

n(v) = max’ {0,

-~ 1 2 m  SVEWb>,
YTy T e T WATRy
bp=1
1 R1/2
= — max? {0, min < 7‘,, R!/?Wb >}
Wy be{-1,1K  ||RY/2y||
bp=1
1
= — max® {0, min <u,s>}
W sEST
1
= — max? {0, min Pys >} . (3.126)
Wi SEST

The first equality uses the nonnegative definiteness of R, while the last two equalities make use of
the definition of u and S7, respectively the fact that u has unit length. Hence for a linear detector
for the k" user, specified by the separating hyperplane Ly, the asymptotic efficiency is given by
the minimum distance of a hypothesis to Ly. The problem of selecting the best linear detector

is therefore that of selecting a separating hyperplane with maximal minimum distance from the
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hypotheses (since S; and S_; are symmetric with respect to the origin it suffices to maximize the
minimum distance to S7). That this is a desirable goal is intuitively clear, because the decision
on the transmitted bit is based entirely on whether the received vector z falls on one side of the
hyperplane Ly or on the other. Since in the absence of noise z has to be one of the hypotheses in
S1 or S_1, this means that the white noise resistance of this binary decision is determined by the
hypothesis which is closest to the decision boundary (i.e., the term corresponding to this hypothesis

dominates the error probability in the high SNR region).
Ezplanation of Proposition 3.4 for a linearly independent signal set
Since the signal set is linearly independent, R is nonsingular and ng = n(R') is energy-

independent for all users. We want to explain the equality of 7z, and ng. First consider the two-user

case, and assume we want to decide on the transmitted bit of User 1.

Fig. 6. Geometric illustration of Proposition 3.4.
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Figure 6 shows the four hypotheses, where S_; = {A, B} and S; = {C,D}. Since in this
domain the matched filter output noise is spherically symmetric and Gaussian, the decision regions
of the maximum likelihood detector, determined by the minimum Euclidean distance rule, are given

by the perpendicular bisectors of the segments between the different hypotheses, and the kth

user
asymptotic efficiency corresponds to the square of half the minimum distance between distinct
hypotheses differing in the kt? bit (Q(dmin/20) = Q(/7wg/c)). Thus, in Figure 6, up to the
factor wy, which will be ignored because it multiplies the k' user asymptotic efficiency for linear

detectors too, /71 is the length of the shortest of the segments AM,AO and BO.

The decision regions of the decorrelating detector for User 1 are determined by a straight line
through the origin, such that application of R™'/2 maps it to the y-axis (since a sign decision is
then taken). This means that the separating line passes through the points +R!/?us, with uy is
the unit vector in y direction, i.e., [0 1]T. These points are at the centers of the sides AD and BC of
the parallelogram formed by the hypotheses, because the unit vector is collinear to half the sum of
adjacent hypotheses differing in the first bit. Hence the decorrelating detector decision boundary is
parallel to the parallelogram sides AB and CD, which follows because it passes through the centers
of the sides AD and BC. As a consequence, all the hypotheses have equal distance to the decision
boundary of the decorrelating detector. This is intuitively clear, because the kP bit error probability
of the decorrelating detector reduces to a single Q-function. Now the first user asymptotic efficiency
of the decorrelating detector is equal to the square of the distance of any hypothesis to the decision

boundary, e.g. in Figure 6 \/nil is the length of AP.

The result of Proposition 3.4 can now be interpreted as follows: since n appears as the hy-
potenuse and nd as the leg of a right angled triangle, 7 is lower bounded by the energy independent
nd. However, since the triangle angles vary with increasing energy of the interfering user, there is
a particular energy ratio for which the triangle degenerates into a line segment. This is the point
when 7 reaches its minimum, 7, which is geometrically identical with nd. For the parallelogram
formed by the hypotheses this is the case when a diagonal is perpendicular to a side (eg. AO
perpendicular to CD).

For more than two users the explanation is analogous. The set of 2K hypotheses will be the
corners of a parallelepiped in IR¥, since the nonsingular linear map R maps hyperplanes into hy-
perplanes, hence the rectangular parallelepiped with corners Wb, b € {—1, 1}K into the one we

are considering. Call the sides of the parallelepiped corresponding to S1 and S_1 significant sides.
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Any linear detector corresponds to a hyperplane separating the significant sides. Since the proba-
bility of error of the decorrelating detector is for each user a single Q-function, the corresponding
separating hyperplane is equidistant to the hypotheses, i.e., is parallel to the significant sides, and

the asymptotic efficiency is determined by their distance (see Figure 7).

Fig. 7. Same as Figure 6, in the case of three users.

As the energies vary, there will be particular energy constellations (because the deformations
of the parallelepiped are continuous) where the vector from the origin to some hypothesis, say
RY/ 2Wb*, is perpendicular on the corresponding significant side, i.e., also on the decorrelating
hyperplane. This is the case when equality occurs between the asymptotic efficiencies of the decor-
relating and the maximum likelihood detector. To see this note that in this constellation the
asymptotic efficiency of the maximum likelihood detector must simultaneously be higher than that
of the decorrelating detector (since being the optimum multiuser detector it constitutes an upper
bound on the performance of any detector) and smaller, since from (3.10) it equals the minimum
of |[RY2We|2 for € € {—1,0,1}%, ¢, = 1, hence is upper bounded by |[RY/2Wb*||2, which in this

case is the asymptotic efficiency of the decorrelating detector.
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Ezplanation of Proposition 3.9 for a linearly independent signal set

>

Again, consider User 1. The hypotheses in S7 are hy = RY/2W1 1] and A _
RY/ 2W[1 —1]T. To find the best linear detector we have seen that we have to find the sepa-
rating line L, through the origin which has maximal minimum distance to hy; and h,_. If we only
consider h, ,, the line having maximal distance from it is the perpendicular through the origin on
the vector from the origin to h,. Call this line L. Similarly for h,_, which defines L, _. If we
start with an arbitrary separating line, it is easy to see that a rotation of this line in the direction
of L, , increases its distance to h, ., while a rotation in the direction of L, _ increases its distance
to h,_. Call the decision boundary corresponding to the decorrelating detector L;. We have seen
that L; is equidistant from h,, and h,_. Now given that we have three lines through the origin,
L., Ly and Lg, one can have two inherently different situations. In one case L; lies between
L,, and L,_, in the second both L,, and L, are on the same side of L;. The two cases are

illustrated in Figure 8 a) and b).

The difference between them is that, while in the first case attempting to rotate L, away from
Ly will decrease its distance from either h,, or h, (though increasing the other), so that the
optimal solution is to have both distances equal, i.e., Ly = Lg, in the second case rotating Ly in
the coinciding direction of L, , and L, will increase the distance to both hypotheses, as long as
L., and L, are still on the same side of the line we are rotating. Clearly this can be done until
the first of L, L, is encountered and this will be the optimal solution L.. Note that this is the
linear continuation of the (piecewise linear) decision boundary of the maximum likelihood detector,
which is given by the perpendicular bisector of the segments between hypotheses differing in the 15t
bit. This can be seen also from Proposition 3.9, where if wg /wy < ,02 the optimum linear detector
is collinear to [1 —sgnpy/wsy /w1, i.e., is collinear to one of the hypotheses Wb, i.e., is still collinear
to one of the hypotheses after application of the map R/2. This means that the corresponding

delimiting line is perpendicular on this hypothesis, i.e., is a relevant boundary for the minimum

Euclidean distance detector, which is just what the maximum likelihood detector is in this case.

This explains why there are two different cases for the optimum linear detector in the two user
case, why the decorrelating detector is one of them, and also why in one of the cases optimum

asymptotic efficiency is achieved.
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Fig. 8. Geometric illustration of Proposition 3.9.

3.7 Computation of the decorrelating detector

The decorrelating detector for a synchronous communication system with a linearly indepen-
dent signal set is the inverse of a positive definite symmetric matrix. The straightforward computa-
tion via the Cholesky factorization or Gauss elimination requires on the order of K3 multiplications
and the same number of additions. Thereafter, as long as the active user configuration does not

change, the demodulation of b requires a TCB of K multiplications and additions. In the following
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an iterative scheme is given, which for each z converges to the solution x*° = R~! z upon starting

with an arbitrary initial vector x°.

Proposition 3.16: The iterative scheme
x"t = (I — BR)X" + fz (3.127)

converges to

x® =Rz (3.128)

for any initial vector x° as long as 0 < 8 < 2/Amax, where Apax is the largest eigenvalue of R.
Moreover the fastest convergence is achieved for

2

IBOpt — )
/\min + Amax

(3.129)

o

Proof and Discussion: It is easy to prove convergence by defining the error vector e” = x"-R 1z

and deriving from (3.127) that
e” = (I — fR)" e° (3.130)

where from convergence follows if the spectral radius of I — SR is less than unity, which results

in the given condition on . Alternatively, (3.128) can be interpreted as a gradient solution to the

problem
min (x'Rx — 2x”z) (3.131)
x€ER
whose exact solution is x*° = R7!z and for which the gradient solution is given by
x"H = x — gv e (XITRx — 2x7z) . (3.132)

Iterative gradient solutions of this kind have been well studied and used in practice , among others
in adaptive filtering applications (e.g. [Hon], [Ben]). Denoting by p the spectral radius of the

matrix I — SR, the Euclidean norm of the error vector satisfies

le” < IIR[lz2 = o™ [€°]] (3.133)
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where the equality follows since, R being Hermitian, its spectral norm equals its spectral radius.®
It can be shown (e.g. [Ben, p. 375]) that the smallest spectral radius is achieved by the choice of
B given in the proposition, and equals

/\max - )\min

= — 3.134
Popt /\max + )\min ( )

which is a function of the eigenvalue spread of the matrix R. As always, a small eigenvalue spread

is desirable.

Note that if z = ug, i.e., the kth unit vector, x*° is the k" column of R !, which is sufficient for
decentralized detection of the information sent by User k. The iterations would be run before the
beginning of the detection process in order to find the decorrelating detector. K different iterations

have to be run beforehand, in order to get the matrix R™1.

Given an initial error norm and a value for a sufficient final error, equation (3.133) can be used
to upper bound the required number of iterations, for purposes of comparison with the method of

direct matrix inversion. Choosing x° = 0, the initial error vector has a norm upper bounded by

el < o IR Mgl < " IR = 0" 5 < ol 1
min min
Therefore an upper bound on the necessary number of iterations for obtaining the k" column of
R~! with precision € is
< 198 (€ Amin) o (3.135)

log (popt)
Each iteration involves K multiplications and additions, therefore the computational complexity

is K % n* for each column of R™!. Whether it is preferable to use the direct inversion scheme or
the iteration algorithm, depends on which of the two complexities is smaller, K3 or K % P *n* (for
demodulation of P users). For example, for Amax = 3, Apin = 0.5, € = 10712 and demodulation
of one user, the necessary number of iterations is, from (3.135), at most 85, which means that the

iterative scheme is more efficient than the direct inversion scheme for K > 9.

(6)
A . . %
Al = max {V/A: Xis an eigenvalue of A*A}
A=A~
(AZAT) max {VX: \is an eigenvalue of A2}

= max {\/€2: ¢ is an eigenvalue of A}

= max {|\| : \is an eigenvalue of A} = p(A)
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3.8 On a simple decision-feedback detection scheme for synchronous CDMA

In synchronous CDMA the receiver has to make an estimate of the transmitted information vector

kth

b of the K synchronous users in one symbol interval, or on the component thereof, based in

the sufficient statistic y, which depends on b according to
y = RWb + n’, n ~ N(0,0°R).

In the following it is assumed for simplicity that R is invertible (otherwise generalized inverses will

be used, along the lines of the previous sections). Then the sufficient statistic is equivalently

zZ = R_ly

=Wb+n, n~N(@0dR. (3.136)

If the noise vector n were uncorrelated, a sign decision at this point, which is what the decor-
relating detector does, would be optimal. Also, if the variance of the noise samples were o2, i.e.,
RI;kl = 1, the probability of error of a sign decision for User k would be the same as the probability
of error of a single user channel with the same noise level. On the other hand when R,;,j > 1
(from (3.27) R,;kl > 1 is obtained by setting T = R™!), the noise sample variance, and hence
the error probability of a sign decision is higher. Therefore a natural question to ask, is how to
use the fact that the noise samples in (3.136) are correlated, to reduce the variance of the noise

sample affecting User k. One can reason as follows. The kP

noise sample has an a priori expected
value of zero. However, its expected value, given the symbols transmitted by the other users, is
nonzero in general, because of the correlation of the noise components. Subtracting this expected
value from zj reduces the variance of the additive noise component contained therein. It turns out
that the variance is reduced to unity, therefore decreasing the probability of error to that of the
single-user channel, as expected, since the bits transmitted by the other users have been given. Of
course the symbols transmitted by the other users are not available, but if the detector used has a
small error probability, then there exist estimates of these symbols which are correct most of the
time. Therefore the above scheme can be expected to still work well if decisions on the transmitted
symbols are used, instead of the real values, as long as these decisions are reliable enough. The

aim of this section is to investigate under what conditions feedback in the aforementioned form

improves performance, and by how much.
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3.8.1 Detector with full feedback of decisions

Given that z; = /w;b; + n;, upon decision b; for the transmitted bit, an estimate of the

noise is obtained as a byproduct, namely

Ny = 2z; — Jw;b; . (3.137)

Such an estimate is obtained for all the components of the noise vector. Note that knowledge of

the received energies is required, in contrast to the decorrelating detector.

Denote by (ng, ) and (b, b) the partitions of the noise and information vector, respectively,
according to User k (the tilde indicates that the entry corresponding to User k has been deleted),
and let 522) denote the second stage decision on the bit transmitted by User k, obtained by using
the first stage decisions b;, j # k, of the other users. The question of interest is to investigate the

performance of the decision scheme

i’l(f) = sgn (2 — E[nk|5]‘~ )
b=b

=sgn(zpy — Eng | 0] s ) - (3.138)

E[ng, | 0] is the minimum mean-square estimate (MMSE) of ny given fi, and since the n; are jointly
Gaussian, this MMSE is linear, therefore it equals the projection of nj on the space spanned by

the components of n. Hence

Eng |8l = > cny, (3.139)
i#k
and by the Projection theorem
El(ng — Y cni)ngl =0, Vji#k, (3.140)
J#k

i.e., since the covariance matrix of the n; is R™1,

-1 -1 .
R — Y Ry =0, Vi#k. (3.141)
ik
Equivalently, the vector [—c1,...,—cg_1, 1, —Cpy1,s---, —cK]T is perpendicular on the ¥ column

of R™1, for all j # k, i.e., is the k*" row of R. Therefore, letting [1, my, Ry denote the partition

of the matrix R with respect to the kth row and column, we have

Eng|i] = —m} n (3.142)
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and the decision scheme of (3.138) becomes

b5 = sgn(z + mf ). (3.143)
Using (3.137)
Bf):sgn (zk+m£(i—V~VG))=Sgn(rfz—mfv"f’) (3.144)

is the obtained feedback detector, where b are the initial decisions of the detector in the forward

branch. We can rewrite the last expression as
,\(2) . _ T~% <
by’ = sgn(yy — myWh). (3.145)

Interestingly, the detector we obtained subtracts the available estimate of the cross-interference,
which is intuitively pleasing, although not obvious from the starting point of reducing the Gaussian
noise variance. Subtracting an estimate of the multi-user interference has been independently pro-
posed in [Var 88al, using the conventional detector to obtain initial decisions. However a weakness
of that work is the absence of the desirable property of near-far resistance of the original estimates.
This criticism has been incorporated recently in [Var 88b], where the decorrelating detector is used
in the first stage. However, the error probability analysis in [Var 88b] is numerical, in contrast to the
asymptotic efficiency results obtained here. Also the approach via noise variance reduction rather
than interference cancellation is easily generalized to a partial feedback scheme which is near-far
resistant, a property which partial interference removal obviously lacks. For all users together the
decision scheme is

b = sgn(y — (R-I)Wh). (3.146)

f(t). y R-‘l —’- —I'— %

(R-)W -

U ) .

Fig. 9. Structure of the decision-feedback detector of (3.146).
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Figure 9 shows the resulting detector. Since equation (3.145) can be rewritten as
b = sgn (Vagby + mfW (b—b) + nf), 10’ ~ N(0,0>R) (3.147)

it becomes apparent that if the first-stage estimates b are correct, the probability of error of
the above scheme is the same as that of the single-user channel, since the n;g has variance o2.
Obviously, if the second-stage decisions b®) are better than the original estimates, the procedure
can be repeated using the new decisions instead of f), and the iteration process can be repeated until
the decisions of two consecutive iterations are the same. In this light it is to be expected that the
performance of the above feedback scheme depends critically on the robustness of the first-stage
estimates, and has the potential of significant performance improvement over the decorrelating

detector, if these estimates are good enough. This potential is analyzed in the sequel. The question,

in a more general form than will be answered, is the following.

Problem statement

Given

y = RWb + n, n ~ N(0,62R) (3.148)

and an estimate b, with error probability Py k(e). When is the performance of User k improved

by doing
Our measure of performance is the k' user asymptotic efficiency.

It would be interesting to be able to answer this question for an arbitrary first stage detector,
though probably intractable. The results when using the decorrelating detector for the first stage
are summarized in the following propositions. The reason which speaks for using the decorrelating
detector to obtain initial decisions is that it is the only near-far resistant linear detector, which
moreover achieves the near-far resistance of optimum multi-user detection, thereby ensuring a

nondegrading performance level regardless of the received energies.
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Proposition 3.17 : The k" user second stage asymptotic efficiency 77,]: of the iterated decorre-

lating detector with full feedback, which decides for

5@ = ggn(y — (R-I)Wh) (3.150)

where b are the decisions of the decorrelating detector, satisfies

o2 win f (@6, (3.151)
where
o
a; = —\/w_; Vil (3.152)
VvV Wn
G =2 |Rpen| , (3.153)
) T; n oy,
ns.t.an<a;
and
1, for ¢c>1,a>1 ) )
B and ¢c<1, (1—-¢)*+a“>1
fla,c) = a? | for c>1,a<1 (3.154)

(1-¢c)?2+a?, else .

[
~

R B NP
i

f(a,c)= (1_c)"+:'12 <1

Fig. 10. Function f(a,c) of Proposition 3.17.
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The dotted lines indicate curves of constant f, while the labels 1 and a2 show the values of
the function in the corresponding region. Note that f is nondecreasing in a and nonincreasing
in ¢. The following two corollaries give sufficient conditions for unit asymptotic efficiency of the
feedback detector, and for a performance improvement over the decorrelating detector used for the

first-stage decisions, respectively.

Corollary 3.1: A sufficient condition for unit Kt user asymptotic efficiency is that

Vi#£k  (aj,c;) € RL, (3.155)

where R1 is the shaded region in Figure 1la, and a;,c; are defined in Proposition 3.17. The

condition
Zi> RZY, Vi#k (3.156)
Wk
is sufficient for (3.155). ¢
c 4

o -
e -

U_c)2¢a?=1 -

1 a I 1 a
f(a.c) = (1-c)2+a’ <t f(a.c)=(-c)+a’<t

Fig. 11. a) R1 of Corollary 3.1, b) R2 of Corollary 3.2.
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Corollary 3.2: A sufficient condition for achieving an improvement over decorrelating detector

Kt user asymptotic efficiency is that

Vi#k (aj,ci) € R2, (3.157)

where R2 is the shaded region in Figure 11b, and a;,c; are defined in Proposition 3.17. The

condition
) RL
— > B Vi#£k (3.158)

is sufficient for (3.157). ¢

Note that since R,;kl > 1, condition (3.158) is less stringent than the one in Corollary 3.1.
Proof of Corollaries : Conditions (3.155), (3.157) follow immediately from Proposition 3.17. For
conditions (3.156), (3.158) notice that

f(a,¢) > min (a?,1) (3.159)

and require a? >1, Vi#k & wj/wg > 1/7]? for Corollary 3.1,
and a? > n,‘g, Vi#k & wjjwg > n,‘f/n}i for Corollary 3.2. .
The following proposition is important, because it shows that by using feedback the near-far

resistance of the decorrelating detector is still positive.

Proposition 3.18: For a linearly independent signal set the feedback detector is near-far resistant.

Moreover
A8 i of 1
nk - mln nk Z 9 (3160)
s L+ &
where
1
& = 2> |Rgl —= - (3.161)
i#£k VT
%
Particularizing (3.160) to the two-user case, the near-far resistance there is lower bounded by
— 2
f > ! S el A N 3.162
T = 1+(2|_P|A)2 1+ 3p? 3+p27 (3-162)
V1—p?

which is monotonically decreasing on [1,0] for p € [0,1]. The proofs of the propositions are given
in a more general setting in Appendix 3.1. To particularize to the full-feedback case, F' has to be

set to {1,...,K}\{k}.
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Example 3.2. In the two-user case, the lower bound given by the right-hand side of (3.151) on
the asymptotic efficiency of User 1, when feeding back the decorrelating detector estimates of the

transmitted bit of User 2, is shown in Figure 12.

———— OPTIMUM MULTIUSER DETECTOR
—.—-— DECORRELATING DETECTOR
FULL FEEDBACK : LOWER BOUND

o2

|-p"’/|+3pp2 - .
218 < f
T+3p?

Fig. 12. Lower bound on the asymptotic efficiency of the full feedback detector
for 2 users. Also shown are the asymptotic efficiency of the optimum

multiuser detector and of the decorrelating detector.

Also shown are the asymptotic efficiencies of the decorrelating detector and of the optimum
multiuser detector, the latter as an upper bound on the asymptotic efficiency of any detector.
We see that the asymptotic efficiency of the decorrelating detector with feedback is no longer
energy independent (we can infer this from the behavior of the lower bound, because otherwise the

asymptotic efficiency would have to always be one, i.e., larger than that of the optimal multiuser
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detector, which is a contradiction), which comes about because the correctness of the fed-back
decisions on the symbols of User 2 is a function of his energy wy. Notice that a performance
improvement is obtained over the decorrelating detector if either User 2 is very weak, or is stronger
than User 1. In the latter case it is always better to use decision feedback for User 1, with a
performance gain which is monotonically increasing as User 2 gets stronger with respect to User 1.
When User 2 is strong enough, e.g., 1.15 times stronger than User 1 for a correlation of p = 1/2
between the normalized signals of the two users, the asymptotic efficiency of User 1 is unity,
because the upper and lower bounds coincide. This means that for sufficiently strong interference
the decorrelating detector with feedback performs as well as the optimum multiuser detector, and
both achieve single-user performance, if the SNR with respect to the background noise is high
enough. In this region the performance improvement results from the fact that the decorrelating
detector decisions of User 2 have a very small error probability, due to the fact that User 2 is
strong. The fact that there is also a performance gain if User 2 is weak, has a different explanation.
In this case the detector for User 1 should ignore user 2, and not eliminate it at the expense of
increasing the background noise, as the decorrelating detector does. This we have seen from Figure
4, when the conventional detector performs better than the decorrelating detector as long as wg/w;
< (1 —+/1-p2)/p, e.g., for p = 0.5 the power of User 2 is under one fourth of that of User 1. In
this region the performance gain of the fedback detector results not from the feedback itself (since
User 2 is weak his decisions are not overly reliable) but because the -insignificant- interference is
not eliminated any longer at the expense of the background noise. Finally, there is an intermediate
energy region, where the feedback strategy may signify a performance loss over the decorrelating

detector.

Intuitively there are two critical factors which may affect detrimentally the performance when
using feedback: feeding back decisions of users with low nld, and feeding back decisions of weak
users, such that their error probability is high (in spite of possibly a high nzd), but who are not

weak enough that their contributions are negligible.

To remedy this problem, in the following we analyze partial feedback, where only the decisions

on the symbols of a subset of the interferers -considered reliable- are used.
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3.8.2 Partial feedback of decisions from users in index-set F'

Recall that in the full feedback case we subtracted from zj, = ,/wgby, + nj an estimate of the
noise nj, based on estimates of the (correlated) noise components of the other users, which equaled
fly = 25— \/17213z In the partial feedback case only a subset F' of noise estimates of this form is used.
The other estimates, for i € F, are considered unreliable, and are replaced by their expectation in

the absence of information, namely zero. The conditional expectation

E[n,| 8] = —m} @
is now replaced by
Elng|d, Fl = -mfIpi  (Ip)y = {gw LEF (3.163)
The partial feedback detector decides for:
IA),(f) = sgn (2 + m%IFﬁ)
:sgn<zk+m;€IF(E—V~Vf))>, (3.164)

where as before [1, my, Ry] denotes the k" user partition of the matrix R and the tilde indicates

that the entries corresponding to the k' user have been deleted. Inserting z = Wb + n, the

dependence of 1322) on the transmitted bits can be made explicit, namely
IA),(f) = sgn (Vwrby + m% Ir W(b—-b) + nf), n" ~ N (0,02 (1+ m% Iz Ni Iz my))
(3.165)

where [1 /n,‘g, %, N] denotes the k" user partition of the matrix R~1. Notice that the two limiting
cases F' = () and F = {1,..., K}\{k} reduce to the decorrelating and to the full feedback case,
respectively. In the following the case F' = () is excluded, since no additional insight is gained by

considering it. If the decisions that are fedback are correct

1

F

_ , 3.166
T T T mT 1 Ng 1 my (3.166)

which is less than 1 since Ny, is positive definite (> 0 if R > 0), unless full feedback is used or
my, = 0. Therefore, in this optimistic case, a performance gain over the decorrelating detector is
obtained as long as mZI pNgplpmy < m%Nkmk. The following propositions generalize the results

obtained in the full feedback case to include partial feedback.
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Proposition 3.19: The k" user asymptotic efficiency of the decorrelating detector with partial
feedback set F' # () satisfies

1 .
2 s Wi S (@), e(F) (3.167)
where
a; = YU fnd | (3.168)
Vg
Wnp
G(F) = 2 Rpp| Y22 (3.169)
n s.t.an<a;
v}(F) = 14+ m} Iz Ni Iz my, (3.170)
and
1, for c>1,z>1 ) )
and ¢<1, (1—-¢)*+2°>1
flze) =92 for e>1, o<1 (3.171)
(1—c)?+22, else .
with
1 mf -1 1/n *T]
= k = k
R [mk Rk] R [ Kb (3.172)

¢

The proof is given in Appendix 3.1. Note that the a; and the function f(.,.) are the same as
in Proposition 3.17 and do not depend on the feedback set F. Obviously, if F # {1,.,K}\{k},
v? (F) > 1. Therefore we cannot achieve unit asymptotic efficiency using strictly partial feedback,
regardless of the energy region. However, counterbalancing the detrimental effect of division by

v% > 1, there are three favorable effects due to v > 1:
e a; v > a;, hence higher values of f,

e ¢; possibly decreased, since summing over fewer terms, hence higher values of f,

e taking the ml}l f(.,.) over fewer terms.
1€

Whether an improvement over feedback-free detection is achieved or not, depends on which
influence dominates; hence it depends on the operating energy region, since the first two favorable
effects are energy dependent. One thing is obvious: we need not consider feedback sets F', such

that 1/v2(F) < nf.
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Proposition 3.20: If ngi # 0 Vi € F, the feedback detector with feedback set F' is near-far

resistant. Moreover

F A . F 1
M, = min np > = T - (3.173)
w;> 1+ mi; IzN.I-m; + (2 Ry, —
i€F k +F Nk 1p g ( n%:F | k:n| /_77%)
%

The proof is given in Appendix 3.2.

Example 3.3. First consider the following example of a 3-user environment. Figure 13 shows the
lower bound given by the right-hand side of equation (3.167) on the asymptotic efficiency of User
1, under feedback-free, partial feedback and full feedback conditions, assuming that users 1 and 2

are equally strong, with the energy of User 3 as a parameter.

Under feedback-free conditions, (F = (), the lower bound is achieved, and equals the asymp-
totic efficiency of the decorrelating detector. The asymptotic efficiency of the optimum multiuser
detector, which constitutes an upper bound, is also shown. The signals of the 3 users are the
ones shown in Figure 13, with crosscorrelations pj9 = —0.5, p13 = 0.87 and p93 = —0.65, hence
nil = 0.24, ng = 0.56 and ng = 0.19. Since v2({2}) = 5, i.e., 1/v2({2}) < nil, the feedback sets to
consider are {2,3}, {3} and 0. Considering Figure 13, it is apparent that significant performance
improvement can be achieved in certain operating energy regions by using feedback of the decisions
of other users, and that partial feedback can be superior to full feedback. Also both feedback
schemes are near-far resistant, in accordance with Proposition 3.20, though with possibly smaller
worst-case asymptotic efficiency than the decorrelating detector (recall that only lower bounds are

tractable).

As can be seen from this 3-user example, different strategies are superior for different energy
regions. While it is not desirable to use feedback regardless of the operating energy region - since
taken by itself the feedback detector does not preserve optimum near-far resistance - substantial
improvement can be achieved if feedback is used in certain energy regions. Thus in the given
example, where users 1 and 2 have equal energy, if User 3 is four times as powerful, the asymptotic
efficiency can be more than doubled by full feedback as compared to the decorrelating detector,

and tripled by using only partial feedback of User 3.
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————(OPTIMUM MULTIUSER DETECTOR
______ DECORRELATING DETECTOR
FULL FEEDBACK:
.......-. PARTIAL FEEDBACK,F=

{3} ILOWER BOUNDS

| 3
n
~
£

ASYMPTOTIC‘
EFRCIENCY
USER |

FOR THE SIGNAL SET

TS'“) S, (1)
1T W I -0.5 o.asé]

— == Rz|[-05 | =0
T t T/4 T GBeE e 1
-17/T ' '

S,a( 1)

VI

Fig. 13. Lower bound on the asymptotic efficiency of User 3 for full and

partial feedback for a 3-user example with equally powerful interferers.

(3.21): By adapting the feedback set F' to be the optimum set for the corresponding energy region

the asymptotic efficiency is increased to

min f (a;v(F),c;(F))} . (3.174)

1
a > d
e = max { o MAX oy TR
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The following algorithm finds the optimum feedback set F":

[A] compute v2(F) for all sets F C {1,..., K}\{k}.
discard all F with 1 v?(F) < ng.
all remaining sets := admissible
order the admissible sets according to increasing v?(F).
note: full set will be first in list, with v% =1

F = { is admissible, since v2 = 1 /n{.

[B] fmaz = n

Fopt =0

while not at end of admissible sets
F := next admissible set
v = \/v2(F)
compute the a;,c;,Vi € F
n= 5 min flaiv, ci)
if (hmax < 1) Fopt = F, Nmaz =1
if (11277 = 1) return Fyut, Mmaz

end.
return
return Fypt, Nmaz

end. <>

Part [A] of the procedure is independent of energies, hence is done only once. If the energies are
not constant the optimum set F' will change in time, hence part [B] has to be executed periodically
to update F'. If the energies are known exactly as a function of time, the adaptive feedback detector
is seen to have optimum near-far resistance. If the energies are not known, and have to be estimated

at the receiver, we have the following cases.
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a) The energies vary slowly in time, such that for long transmission lengths they can be considered
constant. In this case estimates of the energies can be obtained up to any desired precision.

One obvious possibility is to estimate
1 2 2 p—1
W = N > (z)i — 0°Rpy
=1

where (z1); is the input sequence to the decorrelating detector. Since the information bits and

the noise are uncorrelated
E[z,%] = Elw, + 2/wibgn; + n,%] = wy + O'2R];k,1,

hence, by the weak law of large numbers Wy converges to wy as N — oo. More elaborate
and effective schemes can be found in the literature. Since the energies can be estimated with
arbitrary precision the energy-adaptive feedback detector can be used. It can be robustified with
respect to small errors in the energy estimates by accepting a nonempty feedback set F' only
if the achieved performance improvement exceeds a certain threshold. Moreover, Proposition
3.20 shows that feedback from users with nonzero asymptotic efficiency is near-far resistant,
hence near-far resistance is not lost even for completely erroneous energy estimates. However
optimum near-far resistance is then lost, which is why large errors in the estimates of the user

energies are detrimental.

b) A subset of users has slowly varying energies, while the rest has energies that vary rapidly in
time. In this case only feedback from the slowly moving users should be considered, otherwise

identical to a).

c) The energies of all the users change rapidly. In this case no feedback can be used. The
decorrelating detector is well suited for this environment since it is energy independent and has

optimum near-far resistance.

Also note that an inherent drawback of feedback schemes compared to the decorrelating detec-
tor is that the former require knowledge of the received energies. Finally, it can be shown that, if

R is not invertible, the results obtained still apply if F' excludes all linearly dependent users.

Appendiz 3.1: Performance analysis of partial feedback
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From (3.165) the partial feedback detector decides for:
1322) = sgn ( Jwby + mf I W(b — 123) + np), n” ~ N (0, 0%v?), (3.175)

where we have set 1 + m;‘g Ip Ni Ip my = v2. The probability of error for this decision scheme

is, by symmetry

Py le) = P (7 =1 A bp=—-1) + P (B = -1 A b =1)
(

= Z P (1322) =-1, bj,Bj,jeF | bp=1)

= Y P (1322) = —1|bj,bj,jeF , by=1) P (bj,jeF | bj,jeF , by=1) P (bj,jeF | by=1)

= S S P (nj, <mi Ip W(b—b) — \/uwg | bj, bj, jeF) P (bj,j€F | bj,jeF , by=1)
(bj.bj)
JEF

VI = 5 B/ b — b))

ov

~

P (bj, jeF | bj,jeF , bp=1) .

(3.176)

~

The probability P (bj,jeF | bj,jeF , by=1) is hard to specify. However, noticing that the joint
event I;j = X, jEF is contained in the marginal event I;Z = x;, for each 7 € F', we can find an upper

bound, which is exact in the two-user case.

P (bj,jeF | bj,jeF , bp=1) < ?éi}lp (b | bj, j€F , bp=1) . (3.177)

Next we have to use the precise form of the detector used to obtain the IA)2 For the decorrelating

detector the decision on the symbol of each user is independent of the interfering transmissions of

the other users, i.e.,

P (bi | bj,jeF , b=1) = P (b; | b;)

= Qi + 0,3.(1-2Q0), (3.178)
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where, for notational simplicity, we have abbreviated by (); the probability of error of the decorre-
lating detector, i.e., Q; = Q(y/w;/R;;' /o), and d;j is as usually zero for i # j and one else. So we
now have

Let the index set {i€F|5bi(;i = 0} of users whose first-stage decisions are erroneous, be denoted by
S. Also let i1,...,7 )5 be the permutation of the users in F' according to increasing decorrelating
detector error probability @; (i.e., we order the users according to their expected reliability), and
let (i) return the rank of User 7 in this permutation, i.e., r(i;) = k. Let #(S) be the index of the
user in S with the lowest Q;, i.e., i(S) = ipip {jli; €S} which is the index of the most reliable user

among those who did make a first-stage decoding error. (3.179) now becomes

nélé] Ql ’ S ?é 0
7 . . y = Z
P (bj7.7€F | bj,4€F , bi=1) < {1 —max Q;, S=10
i€F
Qi(s) » S#0
_ 3.180
{1_Qi(F)’ §=0. .
Thus, combining (3.176) and (3.180), we obtain
A1
PB(2),k(e) PU(g k'( ) - W
— ¥ Rpjyw; (b — b
- . Vk %:F kjv/@j (bj = bj) Qi(s) » S#0 (3.181)
ov 1 = Qiry, 5=0 |

(bj.bj)e{£1}2

jEF
Now, bj — Bj can have the values 0, 2 sgnRy; or —2 sgnRy;, and the "+sgn” case makes a higher
contribution to P(e), while having the same (5bj b, pattern, so that the other Q-term affecting the
error probability is the same. Hence the leading terms for ¢ — 0 are among those for which
(bj,Bj) € {(1,1),(-1,-1), (sgnRy;, —sgnRy;) }. Denote by A the subset of pairs (b,b) whose jth

components, je€F, are in the above set. Then

1
Poo x©) =h 5
_ R o
bb)EA av 1 - QZ(F)’ S @

(3.182)
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The above expression depends on (bj, IA)]) only through 5b'13-‘ Hence we can group the summands
277
whose 6b-134 pattern, jeF, coincides in all components, as follows. There are 2F| sets {6b'13" j €
277 277
F}. Fix a j € F and consider the corresponding component pair (b;,b;). If &, 5. = 0, Le., the
277

corresponding components are different, there is only one possibility for the components, since

(b,b) € A. Otherwise, there are two choices which result in 6,3, = 1. This implies that the
A
number of vector pairs (b,b) € A which result in the same 9, ;. pattern for j € F'is
272
> 0y,
gier 1% _ 9lF|-IS] (3.183)

Therefore the right hand side in (3.182) equals
VU — Y | REil/w5
AN ITY S#0
1 - Ql(F) ) S - 0

1 |F|—|S|
I, 2 2 Q
bji)je{07 }a
JEF}

av

(3.184)

where, recall, S = {ieF|5bi5i = 0} is the index set of the users whose first-stage decisions are
erroneous. i(S) is the index of the user in S with the lowest @Q);, i.e., with the lowest error probability
when deciding for IA)@ with the decorrelating detector, among those users in F' who made wrong first-
stage decisions on their bits. Among all sets S with the same i(S), the set which will asymptotically
dominate the error probability as ¢ — 0 is the one which includes all users in F' with @; > Qi( S)-

This set has |F| — r(i(S)) + 1 elements. Hence letting j := 7(i(S)) run from 1 to |F'| we have

pPYB —
(EAC M

VO = 2 |Bealy/im

|F| ne ]
1 1 QnZsz ' Wk N
—2|F| ]Z:1 2J Q o sz + Q( ov ) (1 Q’|F|)

(3.185)

and finally, neglecting Qil Fl versus 1 (since it becomes arbitrarily small for ¢ — 0), and after the

change of variable i := ij,

UB
Pf,(z)’k(e) 0:6

Vg = X |Rgply/wn

VW b r(i)—1 wi/ Ry ! QZEIZ;Z-
Q(UU(F)> T oI ; 27l ( - @ oo (F)



(3.186)

where we have made explicit the dependence of the noise variance v on the feedback set F. If
F = () the above expression reduces to the first term, and since it is easily shown that v2(f) =
1+ miNm = ng (the asymptotic efficiency of the decorrelating detector), the upper bound in
(3.186) is achieved if F is empty. In the sequel we consider the case F' # (). Then (3.186) has the

form
PP = ¥ RQE) + K QuaQCa-a) . (3.187)
1€F
where o = wg/o, k2 =1/|F|, k}=2r®-1FI-1 (3.188)

—VZ; nd > 0 (3.189)

and ¢ = 2 Z | R v 0n
neF Vwk

s.t.
an<a;

a; =

> 0. (3.190)

In investigating the associated asymptotic efficiency, we will make use of the following properties,
which are immediate if the asymptotic efficiency is thought of as the slope with which the logarithm

of the error probability decays in the high SNR region :
1) The asymptotic efficiency obtained from an upper bound on the actual error probability is a
lower bound on the actual asymptotic efficiency.

2) The asymptotic efficiency obtained from a sum of terms is lower bounded by the minimum of

the asymptotic efficiencies obtained from the single terms.

Then, if n}'c denotes the asymptotic efficiency resulting from the ith summand, the k" user

asymptotic efficiency of the decision-feedback detector is by 1) and 2) lower bounded by

g > min e . (3.191)

Each 77};; is the asymptotic efficiency associated with an error probability of the form
2~ (T 2 z
P=kQ(E)+kQ@)Q( (1), ac>0 (3.192)

hence is a function of a and ¢. We distinguish the following cases :

A ¢ >1= in the high SNR region

2
P k2 Q(%) + % Q (za) (3.193)
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= 7> 1/v? min(a?v?,1).

B ¢ < 1. We use the inequality Q(c) < 1/2 exp(—a?/2) for a > 0 (e.g. [Woz]) to upper bound
P. We get

2
22 o _z2 (-9

k2 _22 1 2?
= e 2% e 27 W2 (3.194)

P < 27,2
_26 +

NI

Bl (1- 0)2 +a2v2 > 1: then in the high SNR region the upper bound will approach the first
term, and by 1) n > 1/v2.
B2 (1- 0)2 + a2v? < 1: then in the high SNR region the upper bound will approach the

second term, and by 1) n > ((1 — c)2 + a2v2)/112.

Finally, combining with (3.191), we obtain

1 .
> g mip S (@) G(F) (3.195)
where
1, for ¢c>1,z>1 ) )
_ and ¢<1, (1—-¢)*+z°>1
f(@ye) = z? for c¢>1, z<1 (3.196)

?

1—c)2+22, else .

—~

Appendiz 3.2 : Near-far resistance of partial feedback

Let r; be a short hand notation for \/w;/wg. We want to show that the lower bound on kth
user asymptotic efficiency given in Proposition 3.19 is near-far resistant for each feedback set F',
ie.,

A . F
mg = minong 2 0. (3.197)
i€EF

By definition (3.168) a; = ngri. We have the following upper bound on ¢;, which will be useful

since f is nonincreasing in c.

a
A0 =2 5 Wl = 5 Ml (3.199
Min

neF neF
an<a; an<a;
1 1
<a2 Y Bl = < a2 [Rel = (3.199)
azespai \/ TIn neF \/nn
A A
= ai& = \ni&ri = kery, ke>0. (3.200)
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Now the function f has three regions, given by the three cases in its definition (3.171). In the

second region

1 1
1<¢; <ker; and keriv<l = —<r; < — (3.201)
c kcv
therefore f is lower bounded by
1
Haw,e;) = afv? = ylo’r} > nfv® . (3.202)
C
In the third region
0 < ¢; < min{ker;, 1} = 1>1—¢; > 1—min{ker;, 1} >0 (3.203)
therefore f is lower bounded by
nfv?
flaw,c) = (1—¢;)? +v%a] > min [(1— kery)? + giriv?] = PR (3.204)
ker;<1 ke +mgv
Finally, combining the three cases,
d,,2 d, 2 d,,2 2
. n;v n;v U v
a;v,c¢;) > min {1, - L = L = 3.205
f(l’l) = {’ kg 5kg+ng02 kg—f—’r];i’lj2 ££+’U2 ( )

which is independent of 7. From here, using (3.195), 77,1: >1/ (E,% +v2), which is energy-independent.
Using the definition (3.200) of £, and the definition of v, (3.173) follows, together with a strictly

positive near-far resistance, since N, is positive definite. "
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4. Near-far resistance of multiuser detectors in asynchronous
channels

4.1 Optimum near-far resistance of linear detection

4.1.1 Multiuser communication model

Let the receiver input signal be
r(t) = S(t,b) +n(t) , (4.1)

where n(t) is zero-mean white Gaussian noise with power spectral density o2 and

M K
St,b) = > > bli)y w(d) sg(t —iT —75) (4.2)

i=—M k=1

is the element of L9 (the Hilbert space of square-integrable functions) which contains the informa-
tion sequence b = {b(:) = [b1(i),...,bx (2)], bp(?) € {-1,1},k = 1,...,K;i = —M, ..M}, si(t) is
the normalized signature waveform of User k and is zero outside the interval [0,T], and wg(¢) is the
received energy of User k in the ith time slot. Let N = 2M + 1 be the length of the transmitted
sequence. Without loss of generality it is assumed that the users are numbered such that their
delays satisfy 0 < 71 < ... < 7g < T. The normalized signal S (t,b) is the receiver input signal

corresponding to unit energies.
Define the vector space L = {x = [x(—-M),....,x(M) | =[[ z1(-M), ...,z (-M) ], ...,
[21(M),...,zx(M)]]T, z1(i)) € R, k=1,...,K, i = —M, ..., M}, (each element of which can be

equivalently viewed as a sequence of N (K x 1)-vectors or as one single (N K x 1)-vector), and define

the (k, i)t unit vector u®? in L as u?’i(l) = 01j61;- Let < -,- > denote the usual inner product on

L3, i.e. the integral of the product over the region of support, with induced norm || - ||. Henceforth,

we make the following assumption on S(t, b):

Linear Independence Assumption (LIA) :

VxeL,x#0 = |S(x)| # 0. (4.3)
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In other words, no matter what the user energies are, the received signal does not vanish
everywhere if at least one of the users has transmitted a symbol. This condition fails to hold only
in pathological non-practical cases with very heavy crosscorrelation between the signals, such as
the two-user example in Figure 14. There, if the delay between the users is T'/2, the received
signal can be identically zero although transmissions have been made (this happens if, for all i,
ba(i) = —b1(i)). It is shown in Appendix 4.1 that such a situation will arise with probability zero
if the a priori unknown delays are uniformly distributed, which is the case in an asynchronous
unslotted channel used by non-cooperating users. Basically, in order to violate the LIA, a subset
of the users must be effectively synchronous and the modulating signals of this subset have to be

heavily correlated.

S, (t) Sz(t)

T/I2 Tt T2 Tt

Fig. 14. Example of signature waveforms which can

violate the LIA.

For simplicity the LIA will be in effect in the rest of this section. It has been shown to be a
mild condition. If it is removed all the given results can be generalized in a manner analogous to
the treatment of the synchronous transmission case. The changes that have to be made are given

in Appendix 4.2.

The sampled output of the normalized matched filter for the " bit of the kP user, i =
—M, ..., M, is

iT+T+T1
v (i) = / r(£)sp(t — 4T — ) dt (4.4)
T+
— / S(tb)sp(t — iT — 7)dt + / n(8)sp(t — iT — 74)dt (4.5)
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where the second equality is valid since the signals are zero outside [0,T]. It is well established (e.g.
[Ver 86a]) that the whole sequence y of outputs of the bank of K matched filters, with components
yi(i) given by (4.4), for k=1,...,K, i = —M, ..., M, is a sufficient statistic for decision on the most
likely transmitted information sequence b. The multiuser demodulation problem at the receiver of
User k now is to recover the sequence {by(7)}, transmitted by User k, from the sequence y € L. Due
to the uncertainty introduced by the noise any detector will have a nonzero probability of making an
error. The different detectors are characterized by their probability of error versus computational
complexity tradeoff. Motivated by the state of the art - where the choice lies between the optimum
multiuser detector, which is of exponential complexity and the ad hoc single user detector whose
performance degrades to zero for sufficiently high interference energy - we define a class of simple
detectors and optimize performance within this class, to obtain an acceptable error probability

versus complexity tradeoff.

A linear detector for bit i of User k is characterized by v¥* € L. The decision of the detector is
given by the polarity of the inner product of vk and the vector y of matched filter outputs, which

is equal to

ks?r
ES
—
—
p—
&
—_~
-
p—
Il

o0
/ (t,wb)8(t, vFi)dt + ng; (4.6)
—00
<

S(t,wh), S(t, vF) > + ng; (4.7)

where for any sequence b of information bits, wb will denote the sequence of amplitudes wb =
{[Vw1(3)b1(3), -y VWi (1)bg (3)], i = —M,...M }. ny; is the noise component at the output of the
cascade of matched filter, sampler and detector, hence is a Gaussian zero-mean random variable

with variance given by

Elngl= Y vp(v;(i) / o2sp(t — 1T — 7p)sj(t —iT — 1j)dt = o2||8(t, vFH)|I>.  (4.8)
k,li,j —00

The receiver decides on the " bit of the k" user according to the rule
) MoK
bp(i) =sgn D > v (1) y;() (4.9)
I=—M j=1
= sgn (< S(t,wb), S(t, vF¥) > + Nhi) - (4.10)
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Wherever it is clear from the context, the superscripts k,¢ will be omitted.

Matriz Notation: It is convenient to introduce the following compact notation. Define the K x K

normalized signal crosscorelation matrices R(l) whose entries are given by

(e,¢]

Ry; (1) = /sk(t—rk) sj(t+1T — 1) dt . (4.11)

—00

Then, since the modulating signals are zero outside [0, 7]
R(l)=0 VY ||>1, (4.12)

R(-1) = RT(), (4.13)

and, if the users are numbered according to increasing delays, R(1) is an upper triangular matrix

with zero diagonal. Also let W(I) = diag ([\/w1(l), ..., Vwg (l)]). With this notation the matched
filter outputs for [ = {—M, ..., M'} can be written in vector form as (cf. [Ver 83b])

y() =R(-1)W({ +1) b(l+ 1)+ R(0O)W() b(l) + R(1)W({ — 1) b(l — 1) + n(I) , (4.14)

as can be seen for each component by inserting (4.1) into (4.4). We make the convention that
b(—M — 1) = b(M + 1) = 0. n(!) is the matched filter output noise vector, with autocorrelation
matrix given by

E n(i)n"(j)] = o® R(i - j) - (4.15)

The entries of the matrices R(7), i = —1,0,1 are obtained at the receiver by crosscorrelating
appropriately delayed replicas of the normalized signature waveforms according to (4.11). Note
that no additional complexity is hereby required of the receiver, since knowledge of the normalized
signature waveforms and the capability to lock onto the respective delays are necessary for matched

filtering and sampling at the instant of maximal signal-to-noise ratio.

In contrast to (4.5) the asynchronous nature of the problem is clearly transparent in (4.14).
To make this notation more compact we define unifying variables, the N K * N K symmetric block-

Toeplitz matrix R and the NK x NK diagonal matrix W, as follows:

RO) R(<1) 0 ... 0
R(1) R(0) R(-1)

R=| 0o R@ RO 0 : (4.16)
: : . R(-1)
0 0 R@) R(0)
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W = diag ([y/wi(~M), ... \Jug(~M),... ,\Jwr(M), ..., \/wg (M)]). (4.17)
In this notation the matched filter output vector y depends on b via, from (4.14)

y = RWb + n. (4.19)

The matrix R can be interpreted as the cross-correlation matrix for an equivalent synchronous
problem where the whole transmitted sequence is considered to result from IV * K users, labeled as

shown in Figure 15, during one transmission interval of duration Te =N * T + 7 — 71.

Fig. 15. Equivalent Synchronous Transmitted Sequence.

Then the results presented here for finite transmission length can be derived via analysis of
synchronous multiuser communication, as done in Chapter 3. However, the approach taken here is
more general and gives more insight into the nature of the problem. The limit N — oo is considered

in Section 4.2.2.

The decision made on the it bit of the k" user at the output of the detector v is:
br(i) = sgnvly = sgn v  (RWb + n). (4.20)

As for the inner product, for all x, y in L

<8t,x),8ty)>= xRy =<x,y>r . (4.21)
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It can be seen from (4.21) and from (4.3) that R is positive definite.

Definition : We will refer to the (k,7)*" row (or column) of a matrix of the dimension of R when

we want to name the k** row (or column) within the i*? block in vertical (horizontal) direction.

4.1.2 Near-far resistance

We first assume N to be finite, as is the case in all communication environments, and prove
existence of a linear filter which achieves the near-far resistance of optimum multiuser detection.
This filter is nonstationary for finite N. The limit N — oo is then considered, yielding a sta-
tionary noncausal limiting filter, and hence, after appropriate truncation of the noncausal part, an

approximation of the near-far optimal linear filter which can be implemented easily.

As shown in [Ver 86b] the asymptotic efficiency of the optimal multiuser detector 7 is

1 2
— ‘ ¢ 4.22
Mhii = o GHGHZI;EIIS(,E)II (4.22)
1 - )
- S(t,w 4.23
@) enenZI,t“ (t, we)| (4.23)

where Zj, is the set of error-sequences € = {e(i) € {—1,0,1}K i = —M, ..., M, €, (i) = 1} that affect
the 5" bit of the k" user. The NP-completeness of this problem for a positive definite matrix R

was established in Section 3.2.2.

In an environment where the transmission energies change in time, e.g. if the transmitters are
mobile, a performance measure of interest for any detector is its kth user near- far resistance, Mg ;,
which is defined for each detector as its worst-case asymptotic efficiency for bit 7 of User k over all

possible energies of the other (interfering and non-interfering) bits, i.e.

- = inf - 4.24
Mhi =0k, M (4.24)

(4. (k1)
In our definition of near-far resistance we model the most general case, where the energies of the
users are allowed to be time-dependent. This captures the worst-case operating conditions of the
detector, which are, for example, encountered in mobile radio communication, due to positioning
and tracking variations. In the case where the energies are constrained to be arbitrary but non-
varying the present near-far resistance is a lower bound. That case is not amenable to closed-form

analysis, since one has to deal with a combinatorial optimization problem.
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For illustration consider the two-user case. If the user energies are constant over time, i.e.

w1 (1) = wi, wa(i) = we, the asymptotic efficiency of the optimal multiuser detector given by (4.23)
reduces to [Ver 86b]:

. w2 /W2 w9 AT,

= 1, 1+—=-2 ~—,142— -2 + —

71 = min { o, T 2max {lp12], [p211} o wr (lp12] |/)21|)\/w—1 }
and hence
2
A . . P12| — |P21
T'min = 11301211 m = mln{ 1- p%?a 1- p%la 1- p%2 - p%l + (| ‘ 2| ‘) } ) (425)

w1y const.

and analogously for User 2, where pj3 = R12(0) and pa; = Rj2(1). The dependence of 7; for

constant energies on the energy ratio is shown in Figure 16.

i OPTIMUM MULTIUSER DETECTOR
~N — -— CONVENTIONAL SINGLE-USERDETECTOR

ASYMPTOTIC EFFICIZNCY USER 1

| ~ .

e (alTeall | Vlealleal)  vom
ST

Fig. 16. Asymptotic efficiencies in the 2-user case for infinite
transmitted sequence length, when the user energies are constant

over time (here we chose |p13], |p21]|=0.3,0.5).
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Note that the optimal multiuser detector is near-far resistant, and in fact has an asymptotic
efficiency of unity for sufficiently powerful interference ([Ver 86b]). Intuitively this is because in
that case the interferers can be “perfectly” recovered and their contributions can be subtracted
from the decision statistic. Note also that in this case three different error-sequences minimize
(4.23) for different values of wy/wy, as can be seen from the discontinuity points of the derivative
of 7. The minimum of 7 over constant energies, 7,in, is an upper bound on the near-far resistance
of optimum multiuser detection 7, which is the minimum asymptotic efficiency over unconstrained

energies.

The near-far resistance of the optimal multi-user detector is important since it is the least
upper bound on the near-far resistance of any detector, and a measure of the relative performance

of any suboptimal detector. From (4.23) and the definition of near-far resistance it is equal to

i  min |3(t we)|? 4.26
= e S IS¢ wel (4-26)
wy, (i) const.

~ 1
= inf min | 8(t, ——=we)|? (4.27)
wi()>0 €€ Z, wy, (%)
wy, (i) const.
= inf Sty (4.28)
yeL
yg (9)=1

In Section 4.2 a closed form expression for (4.28) is obtained as the reciprocal of the (k, %) diagonal
element of the inverse of R (see footnote 7). Hence, though nonobvious because an inf and not
a min is considered, the near-far resistance of optimum multiuser resistance is guaranteed to be

nonzero because of the linear independence assumption of (4.3), which ensures that R is invertible.

We now turn to the performance analysis of the linear detectors introduced above. The prob-

ability of error at decision upon b (7) of the linear detector v is, from (4.10):

Py(i) = P(bg(i) # by (4)) (4.29)

= P(< 5(t,wb), 8(t,v) > + ng; < 0|bg(i) =1). (4.30)

The equality follows since the hypotheses +1, —1 are assumed equally likely. Let B be the set of

possible transmitted sequences. From (4.8) ny; is a zero-mean Gaussian random variable with

variance o2||S(t, v)||?, hence the probability of error in (4.30) is a sum of Q-functions, one for
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each possible interfering bit-combination. For ¢ — 0 the Q-function with the smallest argument
dominates the error probability, hence from (2.1), since the expression below is shown to be upper
bounded by 1 via the synchronous equivalent (Section 4.1.1) and the proof in the synchronous case
(Section 3.3), the asymptotic efficiency achieved by the linear detector v for the ith bit of the kth

user is

M (V) = 1, max? { 0, min <S(t,v‘~rb),S(t, v) > : (4.31)
’ wi () e IS, )

Knowledge of the asymptotic efficiency of a linear detector is equivalent to knowledge of the worst-
case probability of error over the bit sequences of the interfering users, since this error probability,
which is a Q-function, is set equal to Q(\/m /o) to obtain (4.31). Note that when we say
worst-case error probability in this chapter, we mean with respect to interfering bit sequences or,
when explicitly stated, with respect to energies, and not also with respect to delays and phases, as
e.g. in [Pur 82].
For illustration consider the conventional single-user detector in the two-user case. We have
v = uF? (recall that uF* is the (k,4)t" unit vector in the space L of linear detectors). If the user
energies are constant over time, i.e. wi(i) = wy, wa(i) = we, the asymptotic efficiency of the
conventional single-user detector is found from (4.31) to be:
ni = maz® {0, 1= (|p12] + |p21|)%} ; (4.32)

and analogously for User 2, where pj3 = Ri2(0) and pa; = Rj2(1). The dependence of n{ for
constant energies on the energy ratio is shown in Figure 16. Note that the asymptotic efficiency of
the conventional single-user detector is zero for sufficiently high interference energy (\/wa/\/w; >

1/(|p12|+|p21]))- This implies that its near-far resistance is zero, which is what we want to remedy.

There are three quantities of interest in this communication environment. They are the trans-
mitted bit-sequence, the set of energies (these depend only on the transmitters and determine
the operating points for the receiver) and the data-processing linear detector v. In determining
what linear detector to choose at the receiver a useful procedure is the minimax approach, in
which the design goal is to optimize the worst-case performance of the receiver over the class of
operating points. Thus we are interested in finding the mazimin linear detector, whose worst-case
performance over all allowable input sequences is the highest in the class of linear detectors. The

following result quantifies the performance of the maximin detector, in the sequel denoted by v*.
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Proposition 4.1 : There exists a linear detector (which is independent of the received energies)

that achieves optimum near-far resistance. &

In other words, there is a linear detector which achieves the near-far resistance of the optimum

multiuser detector.

Proof: From (3.10) the asymptotic efficiency of the linear detector v is

77;”-(V)ZL_maLx2 0, min <S(t,vgb),5(t,v)> (4.33)

D B T )l
= min 1(,) max2{0, <5 (t’vgb)’s (t,v) >} (4.34)

wy (4
R 186Vl
T
= min L,max2 0, b WRv ) (4.35)
oot wk(i) vIRv

where in the last equality we have used the compact matrix notation of (4.21) for simplicity. We
are interested in the energy-independent linear detector with the highest worst-case asymptotic

efficiency, i.e. whose near-far resistance is

Nk,i(V*) = sup inf (V) (4.36)
_vel wj(l)ZO
[IS(E,V)I#0 wy, (i) const.
1 bIWR
= sup inf min —— max>{ 0, kil ddadd (4.37)
ver  wj020  beB (i) vIRv
vIRv#0 wy, (i) const. °k H=1
R
= sup inf max {0, y v (4.38)
veL yeL vIRv
vT Rv#£0 yp (=1
TR
—max2{0, sup inf LV , (4.39)
veL yelL VTRV

vT’R,v;éO yp(d)=1

where we have set y;(l) = bj(l)/w;(l)/\/wg(i) for the third equality. Let M(v,y) denote the
penalty function yTT\’,v/ VVvIRv, where the first argument is from the set H of detectors and the

second from the set @ of operating points. We now show that M(v,y) has a saddle point, i.e.
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. . y
su infi ———— = inf su T 4.40
veIL) yeL vIRv yeL veE VIRV’ (440
vIRvz0 YE(D=1 (D=1 (TRyzo

which means that the sequence of sup and inf in (4.39) can be interchanged.

Though the penalty function of (4.39) looks similar to the signal-to-noise ratio functional
encountered in the robust matched filtering problem [Ver 83a], | < h,s > |/ < h,Zh >, the
problem is different here because the numerator can be negative. Thus we have to establish the
result “from scratch”. In order to show that M(v,y) has a saddle point, i.e. satisfies (4.40), we

show that it satisfies the requirements of the following theorem:

Theorem 4.1 [Ver 84a, Thm. 2.1]: Suppose @ is a convex set and M (v,-) is convex on @ for

every v € H. Then if (v,yy) is a regular pair'™ for (H,Q, M), the following are equivalent:

a)yr € arg min sup M(v,y),
yeQ veH

b) (vz,yr) is a saddle point solution for (H,Q, M).

This theorem establishes that if we exhibit a regular pair whose second argument satisfies a),
the game (H,Q,M) has a saddle point, which means that the sequence of maz and min in (4.39)
can be interchanged. In the following we find a suitable regular pair, thereby proving (4.40).

Clearly the convexity conditions are satisfied. We need to find a candidate regular pair. Note
that the value of the inf term in (4.39) is —oo (which gives a near-far resistance of zero) unless v
is picked such that Rv = u®i(y is invariant with respect to scaling of v). u®? is the (k, )" unit
vector in the Hilbert space L, defined as uf’i (1) = 0g;07;- This gives us a candidate for an optimal
detector vz: d, with Rd = uF. (If this detector is indeed optimal, which follows if the candidate

pair is regular and satisfies a), it coincides with v*).

Definition: A decorrelating detector d®* for the ith bit of the k" user is an element of L for

which the following relation holds:

VxeL : <38(@td"), Sit,x)> = () . (4.41)

™ (vr,¥r) € H x Q is a regular pair for (H,Q, M) if, for every y € Q such that yo = (1 -a)yy +ay € Q
for a € [0, 1], we have

sup M(v,ya) — M(vy,ya) = o(a).

veH
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Equivalently, Rd = u®® and the candidate v; = d (superscripts are omitted). The explanation
of the name of “decorrelating” is similar to the one given in the synchronous case in Section 3.3.
From (4.10), using vi¥ = d*F, the detector decides for sgn(\/wg (i) by, (i) + ng(i), i.e. by (i) has
been decorrelated. As to existence of the postulated filter, we show in Section 4.2., (4.63), that
a decorrelating detector exists for any set of transmitter signals and delays for which the LIA is

satisfied.

Next we find a y7, which meets the requirement of point a) of Theorem 4.1. Using the Cauchy-
Schwarz inequality, we find that

T
R
sup M(v,y) = sup AR A VyTRy , (4.42)

veH veL vIRv
vIRv£0

where the inner product is maximized for v=ky + {x € L : Rx = 0}.

We now need to solve the Hilbert space optimization problem
. T
inf y Ry (4.43)
subject to y (i) = 1.

Using (4.21) and the definition of d we can rewrite the minimization problem under consideration
as:

inf lyllr (4.44)

subject to <d,y >p=1.

|| - |lr is a norm since R is positive definite. We have obtained a minimum-norm optimization
problem in Hilbert space. To prove existence of a solution we need to show the constraint set to be
closed, which holds since the Hilbert space is finite dimensional. (Even for N — oo, when we have
an infinite dimensional optimization problem, we could use the fact that the codimension is finite.
The problem there is that the signals are no longer square integrable.) The constraint, y; (i) = 1,
is equivalent to y = u®® + {x :< x,d >gp=0}. A =[d], the subspace generated by d, is a closed
subspace of dimension 1. Hence the constraint set {x : < x,d >p= 0} = A' is closed. We now
have a minimum-norm optimization problem in Hilbert space over a closed subspace. Hence the
Projection Theorem, [Lue], guarantees existence (so we can replace the inf by a min, as required

in a)) and uniqueness of a minimizing equivalence class y*, with

y* e {At +uFi nAtt = (At +ubin A, (4.45)
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where equality holds since A is closed. Hence y; (i) = 1 and y* = k d, which implies

1
*
a0 40
We now have a candidate regular pair which satisfies a):  (vz,yr) = (d, (dg(i))~'d). From

(4.42) and the definition of regularity we have to check the dependence on « of

T
YT Rye — YaRvep
\/V%RVL

= \/d"Rd + 2a(y - d)TRd + a2(y - d)TR(y - d) -

d (1)

1
di (i) -

= \/ 4 a2y —d)TR(y —d) -

e (4.47)

We have repeatedly used the decorrelating property of d. Since v/1+x < 1+ 1/2 z, the above
quantity lies in the interval [0, (y — d)TR(y — d)\/dy(i)/2 2], hence divided by o goes to 0
when a | 0. Thus (d, (dg(¢))~'d) is a regular pair which satisfies point a) of the theorem.

Hence it follows from the theorem that the penalty function yZ Rv /VvTRv has a saddle point,

le.:

TR TR
sup inf Y — inf sup AL (4.48)
vel yeL vIRv yeL vel vIRv
vIRv#1 yp (=1 yp (=1 vIRv#1
which establishes existence of v* and hence
T
— . y'Rv
(v*) = max> 0, inf sup —— 4.49
i (v) O mf s 2 (1.49)

Yp(D=1 yTRvz0

_ 2 ; T
= max” {0, )1,I€1£ Vyl Ry} (4.50)

yp(i)=1

= inf [S(y)l? (4.51)
yeL
yp(9)=1

= Nk, » (452)

where the second equality is obtained in (4.42), the third line follows since R is nonnegative definite

and the last equality was obtained in (4.28).
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We have proved that there is a linear detector which achieves the near-far resistance of optimum

multiuser detection.

The reason why the near-far optimum linear receiver achieves the same near-far resistance as
the optimum receiver can be understood as follows. Let €2 be the set of multiuser signals modulated
by all possible amplitudes, i.e. Q = {S(¢,y),y € L} and let S denote the subset of Q such that the
amplitude of the it symbol of the k*" user is fixed to 1, i.e. S ={S(t,y),y € L,y (i) = 1} (note
that S is a convex set, and because of the LIA it does not include the origin). Since the penalty
function in (4.39) is invariant to scaling of v and the operator R is positive definite, (4.39) can be

rewritten as

m = max? 0, sup II€1£ < S(t,y),g(t,v) > (4.53)
veL Yy
Hﬁ(t,s)l\:l yp(i)=1

— max>{0, sup inf <Y, v>p . (4.54)
i v

Therefore the k" user decorrelating detector corresponds to the unit-norm multiuser waveform
whose minimum inner product with the elements of S is highest. But since S is a convex set,
that signal is a scaled version of the closest vector in S to the origin (Figure 17), and its near-far
resistance (c.f. (4.51)) is the norm squared of that vector. But, as (4.28) indicates, the square of

the distance from S to the origin is precisely the near-far resistance of the optimum detector.

Equation (4.28) leads to a nice intuitive interpretation of near-far resistance. Rewrite this

equation, using the definition of S(¢,.), as

;= i —4T — ) 1T ) |12
Mhi =l k(=T =) + Xy s | (4.55)
(1) # (k1) (7,0 # (k)

Letting {y;(l)} vary over the admissible set, the second term above generates all points of a linear
subspace which includes the origin, therefore the infimum in (3.26) is the distance of 5 (t —iT — 73,)

to this space, i.e.

Thi = d? (8k(t —4T — 1) , span { 5;(t —IT — 75), (4,1) # (k,i) } ), (4.56)
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/

Fig. 17. Interpretation of near-far resistance. Vector

in boldface corresponds to decorrelating filter.

where d(a,b) denotes the Euclidean distance between the L9 elements a and b. In the synchronous
case, because the time-support is disjoint, the infimum in (3.26) is achieved when y;(I) =0, I # 1,
and (3.27) reduces to

Te = d” (34() , span { 3;(t), j#k}), (4.57)

i.e., the k" user near-far resistance in a synchronous channel is the square of the innovation of the
Kt user signal with respect to the space spanned by the signals of the interfering users. Viewing the
asynchronous problem in terms of the equivalent synchronous system with N % K users and period
NT, the near-far resistance of asynchronous communication allows for the same interpretation.
Note, however, that the shifted versions sg(t — IT — 7),% # | of the k" user signal affect the

near-far resistance of the " symbol of User k.

The following section characterizes a linear detector that achieves the optimum near-far resis-

tance anticipated by Proposition 4.1.
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4.2 The decorrelating detector

4.2.1 The finite sequence length case

Definition: A decorrelating detector d*7 for the it bit of the k*" user is a linear detector for which

RdF = ubf (4.58)
or equivalently, from (4.21), < S(t,d*%), 8(t,x) > = z4(i), for all x in L (cf. (4.41)).

Ezistence: By the LIA, statement (4.59) below holds for all k,i. Hence the following equivalences

show the existence of the decorrelating detectors for each bit of each user.

VxeL with z3(i) #0 : ||S(t,x)|| # 0 (4.59)
«— VxeL with z;(i)) 20 : xIRx # 0 (4.60)
< Jx €L with (i) #0 st. Rx = 0 (4.61)
<> the (k,4)!" column(7) of R islinearly independent of the others (4.62)
< 3d st. Rd=uM (4.63)

Properties:

i) The decorrelating detector for each bit of each user is invariant with respect to received energies

and does not require knowledge thereof.

Proof: Since the elements of the matrix R are normalized crosscorrelation coefficients, the

defining equation (4.58) is energy independent.

ii) The decorrelating detector eliminates the multiuser interference present in the respective matched

filter output. (Hence its name).

(7) We refer to the (k,7)t" row (or column) of a matrix of the dimension of R when we want to

kth

name the row (or column) within the i** block in vertical (horizontal) direction. This notation

was adopted since R is block-Toeplitz.
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Proof: From (4.20) the decision made on the " bit of the k' user at the output of the

decorrelating filter d is,

br(i) = sgn (dATRWb + d'n)
= sgn (\Jwg(i) bg(i) + dn). (4.64)

Interestingly, this natural strategy, though not necessarily optimal for specific user-energies, is
optimal with respect to the worst possible distribution of energies. The sgn decision in (4.64)

is based on the assumption that the respective user is known to be active.

iii) The kth-user bit-error-rate of the decorrelating detector is independent of the energies of the
interfering users w;(i),j # k,i = —M, ..., M.
Proof: 1t follows from (4.64) that the decision statistic that is compared to a zero threshold is

independent of the energies of the interfering users.

iv) The efficiency of the decorrelating detector is independent of the energies and is given by

ngizmax2 0, min ! _ <S(t,VYb),S(t,d)> (4.65)
’ B Ve Beal

= max? {0 min L Q) bk(z) } (4.66)

= (4.67)

which by i) is energy-independent.

v) The decorrelating detector achieves the highest near-far resistance of any linear detector. In

addition, it achieves the near-far resistance of optimum multiuser detection.

Proof: The proof of Proposition 4.1 is constructive, hence the first part of v) was obtained as a
byproduct during the proof. Here is a shorter proof, using the following fact: Any single (i.e.,
energy-independent) linear strategy which is not decorrelating has a near-far resistance of zero.
This is shown as follows: The near-far resistance of an energy-independent linear filter is (cf.

(4.39)):

TRy

Mki(v) = max>{ 0, inf AR

’ y€eL VTRV
Y (1)=1

(4.68)
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Unless Rv = uf? (note invariance of 7 to scaling of v) the value of the inf-term is —oo.
Hence any linear filter which is not decorrelating has a near-far resistance 7 = 0. This fact
together with the nonzero asymptotic efficiency (4.67) of the decorrelating detector establish
optimality of the decorrelating detector within the class of energy-independent linear filters.

Therefore the second part of v) results from Proposition 4.1.

Note that since the asymptotic efficiency of the decorrelating detector is independent of energies
(Property iv) it equals the near-far resistance. This gives us an explicit solution for the Hilbert
space optimization problem we obtained for the near-far resistance of optimal multi-user detection

in (4.28), namely

Thi = Mhi = ) (4.69)

and outlines an alternative proof for Proposition 4.1: one could have explicitly solved the optimiza-
tion problem (4.28) by proceeding as in (4.43 ff), postulated the decorrelating detector by reasoning
as in Fact under v), and shown that the asymptotic efficiency of the decorrelating detector and the
near-far resistance of optimal multi-user detection are equal (see [Lup 89a]). However, the game

theoretic proof provides more insight into the nature of the solution.

Property iii) is of special importance. By this property the decorrelating detector does not
become multiple-access limited, no matter how strong the multiple-access interference is. Also the

decorrelating detector demodulates the data perfectly in the absence of noise, as can be seen from

(4.64).
Characterization

We would now like to find an explicit expression for the decorrelating detector which we have
up to now defined implicitly. It follows immediately from (4.58) and the uniqueness of the inverse
of an invertible matrix that the decorrelating detector for the it? bit of User k is the (k, i)th row of

the inverse of R.

From the above and (4.67) the asymptotic efficiency of the decorrelating detector for the ith
bit of User k is given by the (k, z')th diagonal element of the inverse of R:

1
i = - (4.70)
(k) (ki)
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For the values of N encountered in practical applications, inverting a NK * NK matrix is not
possible. This issue is addressed in Section 4.2.2, where we represent the decorrelating detector
as a K-input K-output time-varying linear filter, and then show that in the limit as NV tends to

infinity the filter becomes time-invariant.

4.2.2 The limiting case N — oo

Proposition 4.2 : As the length of the transmitted sequence increases (N — oo) the decorrelating

detector approaches the K-input K-output linear time-invariant filter with transfer function
G(z) = [RT(1)z + R(0) + R(1)z"' 7L, (4.71)

o

Proof : From (4.14) and (4.13) the matched filter outputs for | = {—M, ..., M} are
y() = RT(l)W(l +1)b(l+1)+RO)W() b(l) + R(1)W( — 1) b(l — 1) +n(!) , (4.72)

where b(—M — 1) = b(M + 1) = 0. Taking z-transforms and letting N go to infinity we have:

Y(2) = S(z) WB](z) + N(z), (4.73)

where [W B](z) is the z-transform of the sequence wb = {[\/w1(i)bi(4),..., Vwi (1)bg (i)]}, the
matrix S(z) is

S(z) = RT(1)z + R(0) + R(1)z7 !, (4.74)

and Y (z), B(z) and N(z) are, respectively, the vector-valued z-transforms of the matched filter
output sequence, the transmitted sequence, and the noise sequence at the output of the matched
filters. S(z) can be interpreted as the equivalent transfer function of the multiuser communication

system between transmitter and decision algorithm, as illustrated in Figure 18.

In this setting the optimal receiver problem is to find the transfer function matrix G(z) of a K-
input K-output linear time-invariant filter, at the output of which a sign-decision yields estimates of
the transmitted sequence which are optimal in a certain sense. In our case the optimality criterion
is the near-far resistance, and we have demonstrated that the optimal filter is the decorrelating

filter, which is the filter which eliminates the multiuser interference, i.e. is the K-input K-output
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Fig. 18. Equivalent Communication System.

Ll -l

time invariant linear filter which recovers the transmitted data in the absence of noise. Its transfer

function is therefore the inverse of the equivalent transfer function S(z) :

{b (i)} o W (i)}

-

— W = S (2) PP
F

{n ()}

L

[ad; 5(2) =

1/det S(2)

1/det 5(2)

{b @}

Fig. 19. Interpretation of the Decorrelating Detector.

4

I_l..

(4.75)

{6 ()

The effect of the inverse filter [ S(z) ]! can be interpreted as illustrated in Figure 19. The

decorrelating filter can be viewed as the cascade of a finite impulse response filter with transfer

function adjoint S(z), which decorrelates the users, but introduces intersymbol interference among

the previously noninterfering symbols of the same user, and of a second filter, consisting of a bank of
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K identical filters with transfer function [det S(z)]~!, which removes this intersymbol interference.
Whereas the region of convergence of the z-transform can always be chosen so as to make S(z)

invertible, attention has to be paid to the issue of stability.

Proposition 4.3 : There is a stable, noncausal realization of the decorrelating detector, if and

only if the signal cross-correlations are such that
det S(e’) = det [RT(1)e + R(0) + R(1)e™ ] # 0, Yw € [0,27] . (4.76)

¢

Proof : As long as det S(z) has no zeroes on the unit circle, a nonempty convergence region of
S~1(2) can be chosen which includes the unit circle. Thus stability can be achieved. But, since
R(0) is symmetric,

det S(z) = det ST(2) = det S(z1).

Hence the stable version of the decorrelating detector will be noncausal. "

In the two-user case condition (4.76) is easily shown to be
lp12| + |p21] < 1. (4.77)

Since |p12| + |p21| < 1 is always satisfied, condition (4.77) is violated only if the normalized

waveforms coincide modulo circular shifts and sign changes.

Condition (4.76) is equivalent to the limit of the LIA as N — oo. Both are necessary and
sufficient conditions for system invertibility. The LIA requires that the output of a system (the
system between the user bit-streams and the matched filter outputs) be not identically zero if the
input is nonzero. Hence different inputs generate different outputs, i.e. the system is invertible.
For a linear system the requirement that nonzero input produce nonzero output is equivalent to
requiring that the transfer matrix be nonsingular on the unit circle. Assume the transfer matrix is
singular at the angular frequency wg. Necessity follows since otherwise the input sequence consisting
of a complex exponential at wq times a vector in the nullspace of the transfer matrix evaluated at
wp yields zero output, since the transfer function on the unit circle gives the magnitude and phase
of the system response to complex exponentials. On the other hand sufficiency can be established

by using Parseval’s relation extended to multivariable systems:
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0 9 1 2 . 9 1 27 . ) 9
> vall? = 5 [ V@) P = o [T HE) X Pdo. @48)

™
n=—oo

Hence for a zero output sequence yy, the vector H(e/%)X (/%) has to vanish for all w, which implies

that H(e/¥) is singular whenever X (e/“) is nonzero. This establishes the claimed equivalence.

The following results quantify the asymptotic efficiency achieved by the limiting decorrelating

detector.

Proposition 4.4 : Let
[0.0]
S = Y D(m)z™ (4.79)

m=—0o0

Then the asymptotic efficiency of the limiting decorrelating detector for the kP user is given by

d _ 1
nd = 0] (4.80)
YIS . . -
B l% [TTRT e + RO + ROk aw | (4:8)

Proof : With Proposition 4.2 the decision statistic at the output of the limiting decorrelating

detector has a z-transform given by
G(2)Y(2) = WB](2) + [S(z)]7'N(2) = WB](z) + N (2)

where Nl(z) is the z-transform of the (stationary) filtered Gaussian background noise vector

sequence. Its covariance matrix sequence E [nl(.)an(. + i)] has a z-transform of o2[S(z)]~!
T . . . . .

(0287 1(2)S(2)S™1" (271)), hence with (4.79) n}c is a zero-mean Gaussian random variable with

variance o2 Dy, (0). Therefore the probability of error for the kP user equals

P = Pl > Vi) = QEE ). (4.82)

From here, using the definition of asymptotic efficiency, the first equality follows. For the second,

applying the inverse z-transform and (4.79),

2m .
Di(0) = 5- 18 ()l do,

2

and the result follows by inserting (4.74) into the above.
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Proposition 4.5 : The asymptotic efficiency of the limiting decorrelating detector for the kth
user is strictly positive, and lower bounded by
-1

nd > | max | [RT1)e™ +RO)+RMW)e ™ 50| > 0.
wel0,27]

Proof : From (4.81)

Dpi(0) < max  |[[RT(1)e +R(0) + R(1)e ¥ | 1f |- (4.83)
w€[0,27]
Hence
1 -1
d T jw —jw 1—1
= > R*(1)e! + R(0) + R(1)e™
Mk Dkk(o) = wg[l(?:);w] ‘ [ ( )6 ( ) ( )6 ]kk‘|
min,, |det [RT(1)e/ +R(0) + R(1)e 9 ]| (4.84)
~ max, | adj, [RT(1)e/* + R(0) + R(1)e= 3w ]|’ '
which is positive by Proposition 4.3.
o

Next we summarize some properties of the matrix encountered in Propositions 4.3, 4.4 and 4.5.

Proposition 4.6 : Let M(¢) = RT(1) e/¥ + R(0) + R(1) e J¥. Then

i) Mlgcl(go) is real.
i) Myl (2m — ) = My (9)

iii) M(¢p) is nonnegative definite for all . &

Corollary :

i) D¥5(0) is real.
ii) Dge(0) = £ JFIRT(1)ed# + R(0) + R(1)e 7% 34 dop . (4.85)

iii) If one user is added to the system, the asymptotic efficiency of the other users is nonin-

creasing, and changes according to

1 L 1/” lm” () M~ () ug|?
k| K+1 Nk|K ™

= 0 T - mT(p) M-1(g) mp) ¥ (459
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where [1, m% (@), m(y), M(¢)] are the elements of the matrix M(¢p) after the additional user has
been added to the system. O

The proofs are given in Appendix 4.3.

Proposition 4.7: Condition (4.76) of Proposition 4.3 is equivalent to

min (x* R(0) x — \/(x* Ry x)2 + (x* R_ x)2 > > 0, (4.87)

x*x=1

xea?

where Ry = RT(1) + R(1) and R_ = j(RT(1) — R(1)). The * denotes the complex conjugate.

¢
Note that both R4 and R_ are Hermitian.
Proof: Since from Proposition 4.6 M(yp) > 0, condition (4.76) is equivalently expressed as
iréf Amin (M(p)) > 0. (4.88)
Since M(yp) is Hermitian, its smallest eigenvalue is [Horn, Thm.4.2.2]
Amin (M(9) = min x" M(p) x. (4.89)
xea

Therefore (4.88) becomes

inf min  x*R(0)x + x*[RT(1) + R(1)]x cos ¢ + jx*[RT(1) — R(1)]x sin ¢

Y x*x=1

= min x* R(0) x — \/[x* RT(1) +R(1)) x]2 + [ x* RT(1) - R(1)) x]2  (4.90)

x*x=1

where we have exchanged the inf and min operations and used the fact that
igf (acos o + bsing) = —Va2 + b2. (4.91)
¢

Proposition 4.8 : A necessary condition for Proposition 4.3 is that the matrices R(0) + R(1) +
RT(1) and R(0) — R(1) — RT(1) be nonsingular. &
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Proof:

min x* R(0) x — \/(x* R; x)2 + (x* R_ x)?2

xi:ec;l
< min xTR(0)x - /T Ry )2 + (xT R_x)? (4.92)
= {Fnigl xI R(0) x — /(xT Ry x)2 (4.93)
= ijigl xI' R(0) x — |(xT Ry x)?| (4.94)
= min min {xT (R(0) + Ry) x, xT (R(0) — Ry) x} (4.95)
= min { Apin (R(0) + R4), Amin (R(0) — Ry) }. (4.96)

The result follows from Proposition 4.7, since from Proposition 4.6 iii) both R(0) + R4 and
R(0) — R are nonnegative definite (¢ = 0, respectively ¢ = 7). .

Proposition 4.9: A sufficient condition for Proposition 4.3 is that

Ain(R(0) > max {2 (R+) s Ain(R4)} + Aax(R-) (4.97)

or equivalently
Amin(R2(0)) > Amax(RZ) 4+ Amax(R2) . (4.98)
¢

Proof:

min x* R(0) x — \/(x* Ry x)2 + (x* R_ x)2

x*x=1
x&d
> min x* R(0) x — ,/ max [x* R4 x]2 + max [x* R_ x]? (4.99)
x*x=1 x*x=1 x*x=1
= Amin(R(0) — y/max (M (Re) s A (Re)} + max {M(R) | A2 (RO)}
= Amin(R(0) — /max Ny (Ra) , A (Ra)} + Max(R-). (4.101)
Equation (4.101) follows after noticing that if A is an eigenvalue of R—, —\ is is an eigenvalue of

RT, hence of R_, which allows us to collapse the second set. Condition (4.98), which requires

more computational effort to verify than (4.97), but is of simpler structure, follows from the fact
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that R(0) is nonnegative definite (it can be easily reasoned) and both R4 and R_ are Hermitian,

hence diagonalizable. .

We now turn our attention to the two-user case, in which the asymptotic efficiency has a closed

form expression.

Proposition 4.10 : In the two-user case let R12(0) = p12 and R12(1) = p21. Then the asymptotic

efficiency of the decorrelating detector for infinite sequence length is given by:

d d
mo=n = \/(1 — pla = P31)? — 41203
= \/[1 — (P12 + p21)?][1 — (p12 — p21)?] - (4.102)
%

Proof : This formula can be obtained by particularizing Proposition 4.4 or by minimizing the
asymptotic efficiency of optimal multiuser detection in the two-user case with respect to energies.
Alternatively, (4.102) can be proved by taking the limit as N — oo of the asymptotic efficiency
of the decorrelating filter for the central bits in a length N sequence, which is done in the sequel.
(The reason for considering bits near the center of the transmitted sequence is that the demod-
ulation process in this region is least affected by the marginal effects due to the finiteness of the
sequence.) Thereby it is proved that in the two-user case the limit of the asymptotic efficiency
of the finite-length decorrelating detector as N — oo is indeed the asymptotic efficiency of the

limiting decorrelating detector.

Recall that the asymptotic efficiency of the decorrelating detector is given by the reciprocal of
the corresponding diagonal element of R™!. We need to find explicit expressions for the central
diagonal elements of the inverse of the matrix R as a function of N. We have

I pig2 0 O
pr2 1 pa1 O

R=| 0 pa 1 pi2 |, (4.103)

Denote by Ay, the determinant of the above n * n matrix. It is easy to see from the structure of R
that A, satisfies the recursion:

p%2 Ap—9, mneven

4.104
P31 Ap_g, modd. ( )

An = An—l - {
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Hence we can write
Aoy ] 1-p}y —p% [AZn—Z]
— } 4.105
[Azn—l 1 —p3; | [A2n-3 (4.105)

If we consider the sequence of 4n x 4n matrices for simplicity, the central diagonal element of the

inverse of R is Ay /(A2n—1 Agy). Hence after introducing the state vector

_ | As
Xy = [ Azn:] , (4.106)

we see that finding Ao, As,—1 requires finding the trajectory of the unforced linear dynamic

system
1— 2 2 2
X, = l P2 Pgl] X, 1, X = [1 1/’12]
1 —Pa1
ie.,
2 2"
x, — |17 P12 e [1] (4.107)
1 - 0
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The eigenvalues of this system are found to be

2 _ 9 > _ 2 2 2
L —pfg —p3 + \/(1 — Pty — P31)% — 4p19p5
5 .

Al2 =

We see 0 < A1 < A9 < 1. After finding the corresponding eigenvectors it follows that:

=[NPl Aetpd ] AT 0] |1 —Qatpgy) | [1] 1
1 1 0 X3 | -1 M+pd | L0] X=X
_ A+ P%Q Ag + P%l AT 1
_ [ X X Al = (4.108)

Hence the central diagonal element of the inverse of R is

Ny 1 0] xgp

Aop_1 Agy, 0 1]x,[1 0] %,

_ (A1/22)*" (A1 +931) — (A2 + 03y)
[(A1/A2)™ — 1] [(A1/x2)™ (M1 +p31) — (A2 + p3y)]

(A1 —X2).  (4.109)

So finally

A
nd = lim in

n—00 Ag,_1 Aoy A2 — X\ \/(1 Pio 021) 4912p21 _

Figure 20 shows the asymptotic efficiency of the decorrelating detector for infinite transmitted
sequence length in the two-user case. Note its invariance with respect to energies. The discrepancy
between 1% and 7yin, defined in (4.25), is due to the fact that 7, is higher than the near-far
resistance of optimum multiuser detection, since for 7,,;, the energies are constrained to be constant

over time.

The fact that the stable version of the decorrelating filter turns out to be noncausal is not
surprising. Due to the lack of synchronism among the users any decision based on less than the
entire received waveform is suboptimal. In practice, since the filter is stable, the more remote
symbols will count less heavily, and truncation of the noncausal part will be performed after a
suitable delay without affecting performance appreciably. For illustration consider the two-user
case. There from (4.74)

-1
S(z) = ( 1 Pl2+f212 )
P12 + p212
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Fig. 20. Asymptotic efficiencies in the 2-user case for infinite
transmitted sequence length, when the user energies are
constant over time (here we chose |p12], |p21/=0.3,0.5

which yields 7pn = 0.68, n =0.59).
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Fig. 21. Limiting decorrelating detector in the 2-user case.

and the transfer function of the decorrelating detector as given by (4.71) is:

G(z) = 5 5 1 ( 1 —(p12 +9212_1)> . (4.110)
1 - piy — P31 — P12P21% — prapo1z— 1 \ —(p12 + p212) 1

The resulting detector is shown in Figure 21. We are interested in the impulse response f(n) of

the IIR part of the above filter. Taking the inverse z-transform it is found to be
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1 1 _ g
1—p2y — p3, — p12p212 — p12p212~1 n

fn) = 2

, (4.111)

where ¢ = (1 — p%2 — p%l —n)/(2p12p21) and 7 is the asymptotic efficiency which is given in
Proposition 4.10. It can be checked that |¢| < 1, with equality if |p12| + |p21| = 1, which can
be shown to coincide with the condition imposed by Proposition 4.3 for the two-user case. In
the latter case the asymptotic efficiency is zero, which follows from Proposition 4.10. Otherwise
since |€| < 1 the limiting filter is stable, with symmetric coefficients which decay with rate . In
practical applications the filter will be approximated up to any desired precision by truncation of
the noncausal part to a finite number of filter coefficients. For illustration the decay rate ¢ of the

filter coefficients and the achievable asymptotic efficiency 7 are plotted in Figure 22 as functions of

p12 and paj.

Poor cross-correlation properties among the signature waveforms could imply that the limiting
filter G(z) does not exist, although the decorrelating detector exists for finite-length transmitted
sequences. We give an example to illustrate this fact. As mentioned earlier, for K = 2 it is
straightforward to show that the condition of Proposition 4.3 is satisfied for all signal constellations
for which |p12| + |p21| # 1, which is the case unless the normalized waveforms coincide modulo

circular shifts and sign changes.

Consider the trivial signal case, where both users are assigned the same rectangular waveform,
as shown in Figure 23. In this case pi2, which is the crosscorrelation between bits in the same
signaling interval, is r = (T' — 7)/T € [0,1), where 7 € [0,T) is the delay between the two users.

Then po1, which is the crosscorrelation between bits in adjacent intervals, is 1 — r. Then
_ 1 r4+(1—7r)z7!
S(z) = (H I ; (4.112)

becomes singular for z = 1, hence there is no stable limiting inverse filter. And if it existed its
asymptotic efficiency, as given by (4.102), would be zero. For an infinite sequence of transmitted
bits where both users use the same waveform, this is not surprising. However for finite length
sequences advantage can be taken of the marginal effects of having bits which are not affected by
either past or future bits. For finite N the decorrelating detector exists unless r = 0, i.e., when
the transmissions are not synchronous. This is in accord with the multiarrival condition given in

Appendix 4.1, and with the results obtained in the synchronous case.
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Fig. 22a. Asymptotic efficiency of the decorrelating detector for 2 users

as a function of the partial crosscorrelations of their signature waveforms

recall |p12| + |p21] < 1, and symmetry in |p12|, |p21]-

Fig. 22b. Decay rates of the coefficients of the IIR part of the decorrelating

detector for 2 users, symmetric in p12 and pa;.
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Fig. 23. Signals and crosscorrelations of example (4.112).



Appendiz 4.1: Sufficient conditions for linear independence

Suppose that, for a fixed signal set,

i) {71, ..., 7K} are continuous random variables,

ii) {71, ..., 7 } are independent random variables,
iii) wy, (i) # 0.

Then almost surely there is no v € L, vy(i) # 0 such that S(t,v) = 0.

Proof : Define the times of effective arrival and departure of the ith signal of the kth user, [1], as
T2
’\?,k =1 + 1T + sup {T € [O,T),/0 sp(t)dt = 0} (4.113)
and
T
)\g,k =7, +i¢T +inf{7 € (O,T],/T si(t)dt =0, (4.114)
respectively.

Since vy (i) # 0 there is a first and a last symbol that differs from zero. It is readily apparent
that in order to have S(t,v) = 0, the effective arrival of the first (and the effective departure
of the last) symbol that differs from zero must be a point of effective multiarrival (respectively
multideparture). Note that this property does not depend on the particular v chosen, but only on
the set of delays. From (4.113),(4.114), the effective times of arrival and departure inherit from the
delays the properties of being continuously valued and mutually independent. Therefore, the result

follows, since the set of delays {71, ..., 7k } for which multiarrival points result has measure zero.

Appendiz 4.2: If the LIA is not satisfied

In this case R is nonnegative rather than positive definite. We will concentrate on the it? bit
of the k" user. Recall the definition of the decorrelating detector for the ith bit of the k" user,

given in (4.58).

Proposition 4.11 : The it? bit k*" user decorrelating filter exists if and only if

Vxe L with z;(i) #0 = ||S(t,x)] # 0 (4.115)
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It can be seen that this condition is weaker than the LIA of (4.3), which is necessary and sufficient

for existence of the decorrelating detector for each bit of each user.
Proof : The proof is given by the equivalences (4.59)-(4.63). .

Proposition 4.12 : The decorrelating filter for the " bit of the k** user does not exist if and

only if any decision algorithm for the it? bit of the k" user has a near-far resistance of zero. &

Proof : Let’s assume that conditions are such that the decorrelating filter for the ith bit of the
kP user does not exist. Then by Proposition 4.11 there exists an x with zj(i) = 1 such that
S(t,x) = 0, since S(t,x) is linear in z(i). But then (4.28) implies that the near-far resistance of
the optimal multiuser detector is zero. Hence unless any decision algorithm has a near-far resistance

of zero, existence of the decorrelating filter is ensured. .

Proposition 4.13 : Let the existence condition (4.115) for a decorrelating filter for bit 7 of User
k be satisfied. Let D;; be the set of decorrelating filters for the it bit of the k** user. Denote
the set of generalized inverses of R by I(R). Denote the set of (i, k)" rows of elements in I(R) by

G; k- Then a vector v € L is a decorrelating detector if and only if v € G . &

Proof : In other words we need to show D;; = G; . The equality is to be interpreted as an
isomorphism between otherwise identical sets of row vectors and of column vectors (this is necessary
since generalized inverses do not have to be symmetric). We will use the defining property for a
decorrelating detector d for bit ¢ of User k, namely that Rd = ub* and the equivalent existence
condition for a decorrelating filter given in (4.62), namely that the (i, k)" column of R is linearly
independent of the others.

a) Gy € D;y : Let B€ I(R) and § = BR —I. By the definition of generalized inverse, it follows
that RS = 0, i.e., every column of S is in the nullspace of R. But since the (i, k)th column of R
is linearly independent of the other columns of R, it is necessary that the (3, k)th element of each
column of S be zero, i.e. that the (i, k)" row of S be zero. Hence BZkR — (u¥*)T = 0, which
implies that B; j is decorrelating.

b) D;;, CG;p: Let d € D; g, x € G; 1. Then, by the “decorrelating” property of d and that of x

established in a), R(d —x) = 0. Besides implying, by the same reasoning as the one used in a), that
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the (i,k) element of any kth user decorrelating detector is equal, this equation shows that x differs

from d by an element in the nullspace of R. But it can be readily checked that D; ;, +N(R) = D; .
¢

It is easiest to think of the equivalent synchronous model when dealing with the case when
the LIA does not hold, and use the results obtained in the synchronous case for independent and

dependent users.

Appendiz 4.3

Proof of Proposition 4.6: i) From a well-known theorem in linear algebra the eigenvalues of a
Hermitian matrix are real (e.g. Thm. 2.5.6. in [Horn]). Hence as a corollary the determinant of a

Hermitian matrix is real. Write

Myl () = det Cpy (M(y)) / det M(yp), (4.116)

where Cyy, is the kP cofactor of a matrix, and note that both M(¢) and (hence) Cii, (M(yp)) are

Hermitian.

ii) Making the real and imaginary parts explicit we can write M(¢) = A + jB, where we omit the
dependence on ¢ for notational convenience. Then M~!(p) = C + jD, where C and D satisfy

AC-BD =1 CA-DB=1

BC+AD=0 CB+DA =0 (4.117)

Hence if (C,D) corresponds to (A,B), then (C,—D) corresponds to (A,—B). On the other
hand A = R(0) + [RT(1) + R(1)] cosg and B = [RT(1) — R(1)] sing, so that for ¢ — 27 — ¢ ,
(A,B) — (A, —B). Hence C, and therefore, with i), M k_kl(go), is invariant under the transformation

= 2T — .

iii) Given the sets of normalized signature waveforms and delays, define a new set of waveforms as

follows:

. 3. T —T; j<p < < .
® = (4it), i= LK | i) = { SUTT =m0 <t < (@119
Define the complex crosscorrelations
P r *
ME = /0 dr(t) 61(0) dt. (4.119)
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Then
T
TMEx = 3 S 02l ME = /0 IS @i gi(t) |2dt >0 . (4.120)
] )

i
Therefore M® is nonnegative definite. Next we show that M® = M(y), which establishes the
desired result. First let k£ < j, and recall that the users have been numbered according to increasing

delays. Then

Tk . . Tj ;
M;CI} = /0 Spt+T — 1) ¥ §j(t-|-T—’Tj) e ¥ dt + /7_J§k(t—7'k) §j(t+T—Tj) e ¥ dt
k
T
+ Ek(t—’rk) éj(t—'rj) dt
7
T+ . Tj
= / gk(t_Tk) éj(t — Tj) dt + e 7% / g‘k(t—Tk) §j(t—|—T—Tj) dt
Tj Tk
= Rp;(0) + Ry (1) e 9% . (4.121)

Similarly, for & > 7, M,;I’j = Ry;(0) + Rjy;(—1) e/%. Hence

M? = RT(1) /2 + R(0) + R(1) e77¥ = M(p).

Proof of Corollary: The first two results are immediate consequences of the theorem and of (4.80,
81).

iii) By the LIA M(y) is invertible, hence, with point iii) of the theorem, positive definite. For a
positive definite K * K matrix M with MT = M*, and for any K-vector m such that

M m*
[mT 1 ] >0, (4.122)
for any 1 < k < K, we want to express
x+71—1
[11\14[ nll ]kk in terms of M]ng . (4.123)

But, using formulas for the inverse of a partitioned matrix and then for the inverse of a small-rank

adjustment (e.g. [Horn, p. 18]),

_ a1 Y B
[M m*] 1 (W M~'m*) (m™M~uy) 1, lm™™M . (4.124)

— Ml - M-
ml 1|, = M T I —m M-'m* = Mg T T T Im

From here, using the connection between ng and M. k_kl of (4.81), equation (4.86) is immediate. To

show mathematically that the asymptotic efficiency is nonincreasing we show that m”M~Im* <
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1 (note that the asymptotic efficiency of a (K + 1)-user problem cannot decrease if additional
information is available, e.g. if the additional user’s information sequence is known, which reduces

to a K-user problem). For this note that (4.122) is equivalent to

xIMx* +ym?x* + y*xTm* +yy* > 0, vxeCE yer. (4.125)
In particular also Vy € IR,

xIMx* +y (mTx* +xTm*) +42 > 0, vxeC¥ yer. (4.126)

The left hand side is a quadratic function in y which is strictly positive, therefore its discriminant

is strictly negative, i.e.
(mTx* +xTm*)? — 4xTMx* < 0, vxerk. (4.127)
Then letting x = (M~!)Tm, we obtain
oM m* > (mIMlm*)? (4.128)

which implies that
0 < m™™Mm* < 1. (4.129)

Hence the integrand in (4.86) is nondecreasing when one user is added to the system, which estab-

lishes the desired result. "
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4.3 Numerical examples: Probability of error

In the sequel the performances of the conventional and of the decorrelating detector are com-
pared. Without loss of generality attention is focused on the error probability of User 1 in a channel
shared by several active users. The conventional detector decides for the sign of the first component
of the matched filter output vector, given by (4.14). Therefore its average error probability over

the bit sequences of the interfering users equals

1 VT = X RO b5(0) + Ry (1) 75
Ty 3 Q = ,  (4130)

b;(0),b;(—1),j#1 7

whereas its worst-case error probability over the interfering bit sequences equals

ST — é{ RO+ Ry, ] /5

ag

Q

(4.131)

The probability of error of the decorrelating detector equals, from (4.82),

0 (V w1 "il_) ’ (4.132)

ag

where from (4.85)
;%:%AﬂRm%N+R@+RmaWH}w. (4.133)
The delays and phases of the K users enter the above formulas implicitly via the crosscorrelation
matrices, which are functions thereof and of the chosen signature waveforms. In the following we
consider Direct-Sequence Spread-Spectrum (DS-SS) signaling, where the carrier modulated wave-
form is given by

sp(t — 1) = 2wy, ag(t — 73) cos (wet + @) (4.134)

where ay(t) is the code waveform, zero outside [0,T], with fOT a%(t) = 1, 73, is the delay of User k due
to propagation delay and lack of synchronism between the users, and ¢, is the phase angle of the kth
carrier. In DS-SS the code waveform ay(t) is a sequence of N, nonoverlapping rectangular pulses
of amplitude £(1 /Nc)l/ 2 and duration T, = T /N, called chips, so that the kth user waveform is

characterized by a sequence of N, bits, called signature sequence, giving the chip polarities.
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4.3.1 On the dependence on delays and phases

In order to compute average error probabilities for a specified set of signature sequences, the
average of the error probability expressions (4.130), (4.132) has to be taken with respect to the set
of phases and delays, assumed to be independent and uniformly distributed. If w.T" >> 1, then

Ry (I) can be related to the baseband crosscorrelation coefficient, via

Rig) = [ 5ult = 1) 5500+ 1T — 75)de
= ;cos (¢ — b%) / ap(t — 1) aj(t +1T — 7;)dt . (4.135)

Since the magnitude of the crosscorrelation coefficients, hence of the multiuser interference,
is maximized if the cosine term is unity, in the literature ([Ver 84c|, [Var 88]) error probability
curves are given for the baseband case. In the case of the conventional receiver it is easy to see
from the dependence of the error probability on the crosscorrelation coefficients (4.130) that this
corresponds to worst-case conditions. In the case of more complicated detectors the nonlinear
dependence of the error probability on the crosscorrelation coefficients precludes a proof of this
fact. Nevertheless, intuition tells us that performance should become worse if the absolute values
of the crosscorrelations between the users increase. Researchers in the field have worked with this
intuitive assumption, e.g. [Ver 84c]| for error probability curves of the maximum likelihood detector
and [Var 88] for the performance analysis of their M-stage iterative multiuser detector, where the
dependence of the error probability on the set of delays and phases is mentioned only for the first
stage, which is the conventional detector. This work adheres to this usage, which is supported by
the intuition of the problem, because analytical results on phase dependence of the decorrelating

detector performance have proved intractable.

Because of the symmetry of the problem assume that the user whose error probability is of
interest is User 1. Since only relative delays matter one can set 71 = 0 and let 73, € [0,7") denote
the delay of User k relative to User 1. Since the chip waveform is rectangular, the correlation
coefficients Ry ; depend linearly on the distance of the respective relative delay between users k

and j to the next chip boundary, and are linear combinations of the crosscorrelation values at the
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adjacent chip boundaries. More precisely, letting R}, y be the value of Ry; when users are delayed

N A
by 7 =1 = |1 — 7l

=T — T, A | Tk
C C C
and
T — 1T, . T —1T,

This property and the convexity of the Q-function imply that the error probability of the
conventional detector, averaged over continuous delays, is upper bounded by its average on the
discrete grid of time delays corresponding to the chip boundaries. A similar result for the max-
imum likelihood detector was conjectured in [Ver 84c] on the ground that the argument of the
Q-function in the error probability expression is affine (i.e. translated linear) in the vector of delays
in every cube [noT¢, (n2 + 1)T¢]X--- X [ngTe, (nkg + 1)T¢]. However this argument is insufficient
because lp; # I, — I, i.e. we encounter nonlinearity, and dependence upon a set of grid boundaries

which do not correspond to one delay vector. The same difficulty arises for any detector whose

k)th k)th

user performance depends on crosscorrelations other than those involving the waveform,
in particular also for the decorrelating detector. Here an additional difficulty in characterizing the
delay dependence of the error probability arises because of the nonlinear operation of matrix inver-
sion involved in the expression for the asymptotic efficiency of the limiting decorrelating detector.
Probably due to similar difficulties [Var 88] skips the issue, and motivate averaging over the discrete
grid of chip delays with the endeavor “to conduct a meaningful comparison” with the conventional

and optimum receivers. For the decorrelating detector the following result holds in the two-user

case.

Proposition 4.14: For a 2-user DS-SS environment the error probability of the decorrelating
detector averaged over a continuous delay between the users is upper bounded by its average over

the discrete grid of time delays corresponding to chip boundaries. &

Proof: First we show that T)g(T) is concave in 7, i.e.

nir) > (1 — ar) 70T) + ar ni(@+1)T) (4.138)

Then, since the function f(z) = 1/ is concave

ni(r) 2 (1 — ar) \/0d(T:) + ar \/nf(@+)T.) (4.139)
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and, denoting for simplicity
A \VWE d )
= =4/ 4.14
Qr Q ( pu U ()] ( 0)

since the function Q(z) is convex and decreasing in x

Qr < (1 - ar) Q. + ar Q(l+1)Tc’ Vrelle, (I1+1)T). (4.141)

Therefore the expected value of the error probability over 7 is upper bounded as follows.

Ne—1
EQ] = > EQr|7elT,(+ )Tl 5 (4.142)
=0 c
] Ne-l B (o] Nzl
< N S Qr + ]Efa ] > Qu+nr, — Qi (4.143)
€ 1=0 ¢ =0
] Ne-l
=N > Q. = E[Qr|Te{lT,l=0,..,N.—1}]. (4.144)
¢ 1=0

It is left to prove that 7773(7') is concave in 7. Fortunately, in the two-user case an explicit expression

for the asymptotic efficiency was found in Proposition 4.10, namely

ndr) = VI = (p1a(r) + pr (1)1 = (p1a(7) — 2 (1))2]. (4.145)

Since both the sum and the difference in this expression are linear combinations of the sum re-
spectively difference values at the chip boundaries, after an obvious change of variable it suffices to

show that the function of two variables

flz,y) = V1 — 22\/1 — 42

is concave on its domain of definition {|z| < 1} x {|y| < 1}. A necessary and sufficient condition for
the latter is that the Hessian matrix of f(.,.) be nonpositive definite ([Horn]|, p. 392). The Hessian

matrix of f(.,.) is

/1=y _ ry
H = (V1 - a?)? VIi—a?V1—y? | (4.146)
Ty 1 — 2

—PVio# WA

which is nonpositive definite since the determinant is nonnegative and the trace is nonpositive.

Therefore the asymptotic efficiency in the two-user case is a concave function of p12 and po1, as

can also be seen from its plot in Figure 22. .

The reason why the two-user case is analytically easier to handle than the general case is

twofold. First, we have an explicit expression for the asymptotic efficiency, which means that we
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can avoid handling the complicated expression of (4.133). And second in this case we do not have
to worry about the fact that the parameters I; do not suffice to specify the set {lij}, since there is
only one parameter [ to consider. If rather than using the explicit expression for the asymptotic
efficiency, we try to show concavity using the concavity of the determinant in (4.133) in the two-user
case, we have not been able to show Proposition 4.14. This is evidence of the toughness of the

analytic problem in the general case.

However Proposition 4.14 gives an indication that its extension can be expected to hold in the
K-user case. In order to substantiate this assertion we have numerically compared the average
error probability of the limiting decorrelating detector for the cases of averaging over chip delays
and finer subdivision (of course continuous delays are not feasible numerically), for a three-user
DS-SS environment. The results are presented in the next section, and corroborate the expectation

that chip delays are worse than continuous delays. We do not know of any counterexample.

Finally, it is shown in [Pur 81] that the crosscorrelation magnitudes are maximized for values
of 7 which are integer multiples of T; (even for arbitrary time-limited chip waveforms). Proposition
4.14 in connection with this fact supports our intuition that worst-case conditions are those where

the crosscorrelations are maximized, which motivated our choice of baseband analysis.

4.3.2 Numerical Examples

In the following examples we have chosen a set of Spread-Spectrum m-sequences of length
31. First a three-user baseband environment where -for comparison purposes with previous works
([Ger 82], [Ver 86a])- we have used the set of 3 sequences reported in [Gar 80], Table 5 to be
optimal with respect to a signal-to-multiple-access interference parameter when the conventional
detector is used. To begin with we investigate the dependence on delays of the performance of the
decorrelating detector for infinite sequence length. Each chip interval has been subdivided into n
subintervals, and the performance has been averaged over the discrete grid of resulting delays, for
n = 1,5 and 10. The case n = 1 corresponds to the case of delays which are integer multiples of
chip intervals, i.e. the case we have discussed in the previous section. Figure 24 shows the error
probability for User 1, averaged over the delays of the users, for the different sets of admissible
delays. We see that the error probability decreases if a finer subdivision is used, supporting the

claim that averaging over chip interval delays leads to an upper bound on error probability. The
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Fig. 24. Error probability of the limiting decorrelating detector for 3 users
using m-sequences of length 31, where the average over delays has been made for

n subintervals per chip. a) n=1, b) n=5, ¢) n=10.

single user error probability is also shown for comparison. Observe the good performance of the

decorelating detector.

We have also computed the asymptotic efficiency for each of the (n * 31)2 possible delay con-
figurations. The resulting approximate probability density functions for n = 1,5 and 10, i.e. for
961, 24025 and 96100 samples, are shown in Figure 25. They have been obtained by subdividing
the interval [0,1] into respectively 125, 300 and 400 bins, and plotting the probability that the
asymptotic efficiency takes values in the corresponding bin, normalized such that the total proba-
bility is 1. The number of bins to be used has been chosen by comparing different choices under
the criterion that an overly ragged curve probably means that there are too few points per bin
to give a reliable result, while an overly smooth curve, which changes a lot when the bin number

is increased, is too coarse. Therefore some of the edges in the curves shown may be due to the
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unavoidable discretization due to the magnitude of the available sample sizes. However the bimodal

character of the p.d.f. was present for all bin choices in the cases b) and c).

E
g S
< @
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E
e
= sasri!;%le mean stdev
w
T a) 961 9425 0426
b) 24025 | .9634 .0296
c) 96100 | .9641 0279

Fig. 25. Histogram of the asymptotic efficiency
of the limiting decorrelating detector for the setting of Fig.24,
over the ensemble of discretely valued delays, with n subintervals

per chip. a) n=1, b) n=5, ¢) n=10.

Although these curves are only estimates of the true p.d.f. of the asymptotic efficiency of User
1 in this communication environment, several valid observations can be made. The first is that the
mass of the p.d.f. shifts towards higher asymptotic efficiencies as the subdivision becomes finer,
and at the same time the variance of the values decreases. Aside from the fact that all asymptotic
efficiencies have been in the range [.77,.999], their high sample mean and small sample standard
deviation is remarkable. The table in Figure 25 shows the respective values for n = 1,5 and 10.

For truly continuous delays as found in a real communication environment these curves indicate
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that the performance will be superior to the one obtained here. Note the high insensitivity of
the asymptotic efficiency of the decorrelating detector to the relative delays, as measured by the
small standard deviation of the ensemble. Also remember that these values are independent of the

transmissions or energies of the interferers, in contrast to the conventional detector.

After having given a basis for averaging over chip interval delays we will adopt this strategy in
the following examples, since it results in substantial computation savings. Qur aim is to compare
the performance of the decorrelating and conventional detector, for selected communication envi-
ronments with 3 and more users. The computational difficulty using numerical evaluation of the
average error probability expression arises from the fact that the performance of the conventional
detector also depends on the transmitted bits, two consecutive of each interferer corrupting each

(K—-1) terms

bit to be demodulated, therefore when averaging over them in a K user channel 22
have to be averaged for each set of delays. This precludes large values of K. Of course for a real

system average error probability is easy to determine using a known transmitted sequence.

We consider a baseband environment with K — 1 active equal energy interferers, whose delay
relative to each other is fixed. Figure 26, for K = 3, shows the 1%¢ user error probability of the
conventional receiver versus SN R7p, the signal-to-background-noise ratio of User 1, for different
values of the energy ratio SNR; / SN Ry, averaged over the bit sequences of the two interferers
and over the delay of User 1. Also shown are the user error probability of the decorrelating detector

for User 1 and the error probability of the single user channel.

From Fig. 26 we see the strong dependence of the performance of the conventional receiver
on the relative energies of the active users. While the error probability of the decorrelating de-
tector is invariant to the energy of interfering users, the performance of the conventional receiver
deteriorates rapidly for increasing interference, till for an energy ratio above 5dB the conventional
receiver becomes practically multiple-access limited. (For a sufficiently high level of non-orthogonal
interference the error probability of the conventional receiver can be seen to become irreducible.
E.g. in the two-user synchronous case, for \/wz/\/wi = (1 + A)/p, where p is the normalized
crosscorrelation coefficient between the two signature signals and A > 0, the error probability of
the conventional receiver tends to 1/4 if A = 0 and to 1/2 if A > 0 for increasing SN R of User 1).
Note that if the energies of all the users are equal the decorrelating detector is around two orders of
magnitude better than the conventional receiver at 10 dB. Only if the multiple-access interference

level plays a subordinate role compared to the background noise does the conventional detector
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Fig. 26. Error probability of User 1 with 2 active equal energy interferers,
each of energy wj, averaged over the interfering bit sequences and over the
delay of User 1, for the decorrelating and conventional receiver versus the SN R

of User 1, for m-sequences of length 31 and different interference levels.

outperform the decorrelating detector, which pays a penalty for combatting the interference in-
stead of ignoring it. Similar results were obtained regardless of the actual value of the relative

delay between the two interfering users.

Figure 27 shows the same setting as above, in the case K = 6. We have used the set of auto-
optimal m-sequences of length 31 found in [Pur 79, Fig. A.1], to be optimal with respect to certain
peak and mean-square correlation parameters which play an important role in the error probability

analysis of the conventional detector.

Comparing Fig. 27 with Fig. 26 we see the same qualitative error probability relation between
the two detectors, and again the strong near-far limitation of the conventional receiver. Since there

are more active interferers the performance advantage of the decorrelating detector in a near-far
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Fig. 27. Same as Fig. 10, with 5 active equal energy interferers.

environment is even more pronounced: if the energies of all the users are equal the decorrelating

detector is almost three orders of magnitude better than the conventional receiver at 10 dB.

The same sets of sequences of Figures 26 and 27, were used in Section 3.3, Figures 1 and 2, to
compare the error probability of the decorrelating and the conventional detector in the synchronous

case. Note that the single error probability curves are lower in the asynchronous case.

Finally, Figure 28 shows the worst-case probability of the conventional detector over the se-
quences of the interfering users, as given by (4.131), for K = 10. The signature sequence set used
for K = 6 has been expanded - without trying to optimize, as before, with respect to the perfor-
mance of the conventional detector. The shown error probabilities are typical, varying very little if

different sets of delays are used, because of the good crosscorrelation properties of m-sequences.

Overall the generated error probability curves show the pronounced superiority of the decor-

relating receiver in a near-far environment, and whenever sufficiently many users are active even if
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Fig. 28. Worst-case error probability of User 1 w.r.t the bit sequences

of the interfering users, with 9 equal energy interferers.

their energies are well below the energy of the desired user. Note, finally, that we have selected sig-
nature sequences which have emerged in the literature from attempts to optimize the performance
of the conventional receiver. It would be interesting to investigate the possible performance gain of
using the decorrelating detector in conjunction with a set of signature sequences optimized for its
use (under constraints on bandwidth or structure, e.g. as was done in the conventional case, under

the constraint that the sequences be maximal-length shift-register sequences).
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4.4 The one-shot decorrelating detector

We now consider a one-shot approach to the decorrelating detector for asynchronous channels,
recently suggested in [Ver 88] as an easier-to-compute alternative to the decorrelating detector. For
each user the idea is to restrict attention to one bit interval at a time. Let us consider bit 0 of User
1. This bit overlaps with two consecutive bits of each other user, over respectively a subinterval of
these bit’s durations. Call them the “left sub-bit” and the “right sub-bit”. Then if we isolate the
waveform received during bit 0 of User 1, the two partial bits corresponding to each interferer can
be viewed as two distinct interfering synchronous users, whose waveforms vanish on each other’s
support set. This situation is equivalent to a (2K — 1)-user synchronous channel, (see Fig. 15)
where each left sub-bit respectively right sub-bit is a distinct user and the waveforms are given by
{s1(t),sF(t), sE(t),i = 2, ..., K}, where

by = { siC+T—Imi—ml), 0 <t < |-
> ri—n| <t <T

?

Ry _ [0, 0<t<|n—m]
LO={ Smpm-n, WA (4.147)

These equivalent waveforms have energies {1,¢;,1 —e;,7 = 2, ..., K}, where

|7i—1]
e = / (T — |r —m|) dt (4.148)
0

is the energy of the left sub-bit. If the delays are continuously valued the probability that e; > 0 is
1. However, in practice, if e; is too close to 0, users 1 and ¢ would be considered synchronous and
the left sub-bit would be discarded. The decorrelating detector for this synchronous (2K — 1)-user
problem is straightforward, and since the resulting matrix R is nonnegative definite the asymptotic
efficiency of User 1 will be strictly positive as long as User 1 is linearly independent of the other
users. This requirement is stricter than the LIA, since it requires that the received signal not vanish,
regardless of the energies, on each bit-interval, whereas the LIA requires it only for the whole
transmission length. However this constraint is still mild. In practice either signature sequences
that have this property for all relative delays have to be chosen, or, since the linearly dependent
case will occur very infrequently as a function of the relative delays (it will occur with probability

0 for continuously valued delays) in the event of its occurrence the conventional detector decisions
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can be used, without a measurable effect on error probability. As an example, in the 2-user case,

the one-shot matrix R has the form
1 pa1 p12
R = le 62 0 (4149)
piz2 0 1l—e

The efficiency (and near-far resistance) of the 2-user one-shot decorrelating detector is

2 2

P21 P12
98 =1 — =2 __Hle 4.150
n €9 (1—e2) ( )

as can be checked by computing Rl_ll. The first row of the decorrelating detector is, up to a scale

factor,
_pP21  __pP12
(1 -2 %) (4.151)

which means that for User 1 the received signal is correlated with

[s1(6) = 72 s5() - (1”_%2)3%) ] (4.152)

This means that in the absence of noise the output of the detector has a magnitude of

T

[ Tusa(t) + bFs5 )+ 0B @] (1) — 22 s5(0) — 22 o) dt = by ( o 1”%)
/ es (1 —e3) e2  (1—e)

(4.153)
which results in an error probability of Q(\/w1/o \/1 — p31/e2 — p2s/(1 — e2)). We recognize the
efficiency obtained in (4.150).

The one-shot decorrelating detector has a lower complexity than the decorrelating detector

[R(0) + RT(1)z + R(1)z~171, at the cost of reduced performance.

Proposition 4.15: The near-far resistance of the one-shot decorrelating detector is upper bounded

by that of the limiting decorrelating detector. O

Proof: We have established that for a given CDMA environment the decorrelating detector is
the linear detector with highest, and moreover optimal, near-far resistance. Therefore for the
synchronous one-shot environment the one-shot decorrelating detector has the same attributes. The
decision statistic used by the full decorrelating detector is a sufficient statistic, while that used by
the one-shot detector is not. That means that the performance achieved by the maximum-likelihood

detector for the one-shot model is less or equal than the performance of the maximume-likelihood
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detector which uses the sufficient statistic. Since this holds for all operating points, in particular the
near-far resistance of the maximum-likelihood one-shot detector is less or equal than the near-far
resistance of the optimum multiuser detector. But the respective optimum near-far resistances are

achieved by the respective decorrelating detectors, thus establishing Proposition 4.15. "

Corollary: For each operating point the efficiency of the one-shot decorrelating detector is upper
bounded by that of the limiting decorrelating detector, and therefore the error probability of the
former is higher or equal to that of the latter. O

The first part of the corollary follows from the fact that the efficiency of the decorrelating
detector is energy independent, and therefore equal to the near-far resistance. The second is
immediate from the definition of efficiency. Note that the error probability of the decorrelating

detector is a Q-function. It can be upper bounded using Proposition 3.5.

The traits that distinguish the one-shot decorrelating detector are its memorylessness, its linear
time-complexity per demodulated bit, the fact that both its structure and its performance are
independent of interfering energies and its near-far resistance. If the relative performance trade-off
to the limiting decorrelating detector (which shares all but the first property) is not too severe, the
simplicity of the one-shot decorrelating detector makes it an attractive substitute for the limiting

decorrelating detector in situations where receiver complexity is a limiting factor.

The following examples illustrate the performance relation between the two detectors. We
chose the same set of 3 sequences used when comparing the performance of the decorrelating and
conventional detectors in Sections 3.3 and 4.3, Figures 1 and 2. Figures 29 and 30 show the average
error probability of the one-shot and limiting decorrelating detector for User 1 for a 2- respectively
3- user baseband environment, averaged over the relative delays, with 10 subdivisions per chip.
Note that the average error probability of the one-shot detector is very close to that of the limiting
decorrelating detector. While there is always the possibility that the chosen examples might not

be representative, they encourage further performance analysis of the one-shot detector.

Figure 31 shows the efficiency of the two detectors as a function of the relative delay of User
1 and 2, for the two-user environment of Figure 29. Ten subintervals per chip were used when
discretizing the delay, and there are 31 chips per sequence. Note that the efficiency of the one-shot
detector is always less or equal than that of the limiting decorrelating detector, as established by

Proposition 4.15. For some delays the performances are equal.
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5. An adaptive algorithm for synchronous channels with un-
known signature sequences

An interesting question to ask is what the receiver can do if it does not know all the modulating
waveforms, as assumed previously. Such a situation is typical of a decentralized setting, where each
receiver is interested only in the information sent by one user, or a proper subset of the user
population. Then it is unrealistic to assume that each decentralized receiver knows the waveforms
of all the interfering users. Therefore, in the sequel we consider a decentralized DS-SS situation
for which proper multiuser demodulation can be achieved despite lack of initial knowledge of the
interfering waveforms, due to cooperation between the users in the form of symbol synchronism
and usage of a common chip waveform. In this model, also considered in [Poor 88], the K users
use the same chip waveform, but the signature sequences of other users are unknown. [Poor 88]

gives the maximum likelihood receiver for the general asynchronous case, a receiver which is very
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complicated for more than two users. Here we consider the case where the transmissions are
synchronous, and find an adaptive steepest descent algorithm which converges (in the sense in
which stochastic gradient algorithms converge to the solution of the corresponding true gradient
algorithm) to a detector which has the desirable property of being asymptotically equivalent to the
decorrelating detector as the signal-to-background-noise ratio tends to infinity, while converging to

the conventional detector as the interference level tends to zero.

The baseband version of the normalized modulating waveform of each user has the form

n=
0, else

o) { S G (- (- DT, ¢€[0,NT,) 6.0
where N and 7T, are the number of chips per symbol respectively the chip duration, equal for all
users, and p(t) is the common unit energy chip waveform, zero outside [0,7). Thus each user
is characterized by his signature sequence cg, € {*1 /\/N }, n=1,...,N. Since the users are
synchronous a sufficient statistic for decision on the transmitted information bit of each user is
obtained by passing the received waveform through a filter matched to the common chip waveform
and sampling at the end of each chip interval. Thus N samples y1, ...,y are obtained per symbol

interval. Analogously to the representation we had previously, the vector y € RN of matched filter

output samples depends on the transmitted information vector b € RK via

y=CWb+ n, n ~ N(0,02 1) (5.2)
where
A C11 C21 CK1
CemrM¥® = | + = = (5.3)
C1N CON CKN

i.e. the columns of C are the signature sequences of the users. As before, W € IRE*K s a diagonal
matrix containing the square roots of the received energies, b € IR¥ is the vector containing the K
interfering transmitted bits, and n € RN is the vector of noise components in the matched filter
outputs due to the white Gaussian background noise, and has uncorrelated elements because they

depend on the noise process on disjoint time intervals.

If the matrix C were known, the maximum likelihood detector for this problem would select
the decisions

b* € arg min _ 2y’CWb — bYWCTCWb. (5.4)
be{-1,1}K
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The case where C is not known is treated in [Poor 88], and leads to a detector with an extremely
complicated structure for more than two users. On the other hand the conventional detector for

User k simply decides for
N

b = sgn > vi Cpi, (5.5)

n=1
which is the particularization of the maximum likelihood detector to the single user case. Note that
the cg;, 1 =1,..., N are known to the receiver of User k. In the following we derive the structure
of the decorrelating detector, i.e. the detector which has the highest near-far resistance among all
linear detectors, assuming for the moment that the matrix C is known.

Since the noise is spherically symmetric the worst-case kth

user error probability P, of the max-
imum likelihood detector is that of a binary decision between the two closest hypotheses differing

in the k" bit, i.e.

1 ) 1
Py =Q(; min 5[ CW(by—by)[l). (5.6)
(b1)p#(b2)y,

Therefore, the optimum asymptotic efficiency is

1
m = — min ¢ WCTCWe (5.7)
Wp ec{-1,0,1}K
€k=1

and the optimum near-far resistance is given by

1

__ A . . T ~T
= min = mn xCCx = —— 5.8
T = s T Rk (CTC)} 9
i#k ap=1

where the last equality was proved in the proof of Proposition 3.2. and we have assumed that
the matrix CT'C is invertible, i.e. that the signature sequences are linearly independent. A linear
detector v € IREK decides for

b, = sgnvly (5.9)

and has an error probability equal to
P, =P(p=1lp=-1) = P (vIn > —vICWb |b, = —1). (5.10)

Therefore its asymptotic efficiency and near-far resistance are, respectively,

1 Tcwb
nY = max? {0, —  min vi} (5.11)
Wk be{-1,1}K  /vTv
bk:1
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and

T
— . Cy
U — max’ 0, inf M . 5.12
T { yeRK \/vTv} ( )

The optimum near-far resistance achievable by an energy-independent linear detector is

,U*

T
2 : v' Cy
ny = max” {0, sup inf
k { ’ veRN yeRK 4/ VTV

Ivllz0  wk=1

). (5.13)

Restricting v € S, where S = {x € RN\ x=Cz, zc RK, z+ 0},

> ma {0, sup inf YLOYy (5.14)
> max” {0, sup in .
T ves yERIf vvly
Y=
2 . z' Ry A T
= max” {0, sup inf }, R = C'C. (5.15)

zcRK y€RK zI' Rz
laizo vk

But the last equation is the particularization of (4.39) to the synchronous case, where we obtained
as a solution that the maximum is achieved by the decorrelating detector, z* = R_luk, and that the
value of the maximum equals the near-far resistance ﬁ of the optimum multiuser detector (Section
4.2, property v)). Therefore from (5.14) @ > n}, i.e. the near-far resistance of the best linear
detector is lower bounded by that of the optimum detector. This implies that the inequality in
(5.14) is an equality and the optimum linear detector v* = Cz* lies in the K-dimensional subspace
spanned by the signature sequences of the K users (this is because the information signal lies in
this space and the receiver does not gain anything by correlating with a component outside this

space). Therefore the decorrelating detector for the k" user has the form

vi = c (o)t u. (5.16)

Since the matrix C is not known to the k" user decentralized decorrelating detector of (5.9), (5.16)
can not be implemented. However, assuming an initial training sequence for the Kt user (ie. a
sufficiently long sequence of known transmitted bits), we will propose a stochastic gradient algo-
rithm, which has the property that the true gradient algorithm from which it is derived converges
to a detector which is asymptotically equivalent to the decorrelating detector as the Gaussian back-
ground noise level tends to zero, i.e. under the conditions for which optimality of the decorrelating

detector was derived.

139



First consider the following true gradient algorithm

1 B o T
Vit = vt 2 5v E(vy - bk‘)2 |v=v" (5.17)
where
E~Ty — bp)? = v (W CT +6%) v — 2vICW u;, + 1, (5.18)

which is unrealizable because the derivative with respect to v depends on C, which is unknown.
The expectation is taken over the noise and the bits of the interfering users. Assuming that a
bypass to the difficulty of not being able to realize the expectation can be found, the behavior of v

as a function of n is as follows. Abbreviate for simplicity the N x N matrix

o £ cw2cT +o%1 (5.19)
which is a positive definite matrix, and
p 2 CWu,. (5.20)
With this notation (5.18) becomes
Ey —p)2 =viov —2vip +1 (5.21)
= (v-o'plo(v-91lp) + 1-plalp (5.22)

which is a quadratic form in the coefficient vector v and therefore achieves a unique minimum at
-1
Vopt = [0} P. (523)

From (5.17) the coefficient vector v of the true gradient algorithm is updated according to

B ¢
—(1-B83)v" + Bp. (5-25)

To see that v converges to the minimizing value (5.23) of the associated cost function, define the
error vector

q" = v" — vgpt - (5.26)

Then from (5.25), using (5.23)

q"t! = 1-5%) q" = (I-49)"q°, (5.27)



which implies that q" — 0 as long as

2

0 < B8 < 7>\max(q))

(5.28)

where Amax = max{A;|\; is an eigenvalue of ®}. With this we have shown that for the range of
B of (5.28) the coefficient vector of the true gradient algorithm converges to v = vgpt, or, from
(5.23),

v® = (CW2CT +6%1)71 CW uy . (5.29)

It is intuitively apparent that the coefficient vector converges to the value which minimizes the
chosen cost function (here the expected value of the mean-square output error), if the step-size g
is well chosen, since the coefficient vector is adjusted in a direction opposite to the gradient of the

cost-function at each iteration.

The reason why the unrealizable true gradient algorithm is interesting for the multiuser demod-
ulation problem at hand will become clear from Proposition 5.1 and the discussion thereafter. Here
we first address the realizability issue, in order to make clear that we are not assuming something
we want to obtain. The difficulty we are facing, namely that we want to adjust the detector such
as to minimize a cost function which depends on unknown parameters, is a standard problem in
adaptive filtering. A well-established and much used bypass consists in using a so-called stochastic
gradient instead of the true gradient. The corresponding (realizable) algorithm is obtained from the
true gradient algorithm by dropping the expectation, thus avoiding the need to know C. Denote by
b (n) the nth bit transmitted by User k, and by y™ the matched filter output vector corresponding
to the nt" bits. Let e, denote the output error at each iteration, i.e. e, = v y™ — by (n), which is
a random variable. Then the stochastic gradient algorithm (SGA) derived from the true gradient

algorithm of (5.17) is the following.

)
vl v e v - ey (5.30)
= (I - By y" ) v" + B by(n) y". (5.31)

Since we assume an initial training sequence, this algorithm is realizable. The question that arises

is whether the convergence of the expected value of v, the latter now being random, to v of
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(5.29) is preserved. The expected value of the coefficient vector v” evolves from (5.31) according

to
E [vn+1] = F [(I - B ynynT) vn] + B E [bg(n) y™ (5.32)
= (1 - BEY"Y")) EN"] + B E [by(n) y"] (5.33)
=T -B2EN]+Bp (5.34)

which implies that the expected value of the error vector tends to zero since
E[q""] = (I-42) E [q"] = (I-2)"E [a°], (5-35)

similarly to (5.27). Equation (5.33) makes use of the independence of the vectors v" and y", which
holds since v" only depends on the past values of y", which are independent of the present due
to synchronism. This independence is crucial for the convergence analysis of the SGA, and while
it is given in the problem at hand, this is not the case in most applications. Nevertheless the
independence assumption is made in the above references, though the authors elaborate on both its
necessity and its inaccuracy. The present problem is noteworthy in this respect for the fact that

the independence assumption is true.

Another convergence measure of interest for an adaptive algorithm is the decrease in time
of the output error (this is usually done via a mean-squared error analysis). In the literature
the convergence of the output mean-square error of the SGA has been much studied, although a
rigorous analysis has apparently not yet been given (cf. [Hon, pg 247]). [Hon, 7.1] or [Ben, 8.2.3]
give a convergence analysis of the output mean squared error for a SGA of the form of (5.31), under
certain approximations. We showed via the proof of convergence of the mean coefficient value that
the problem at hand is better behaved than the problem treated in the references, while allowing

for an analogous solution.

In the above references it is obtained that the minimum mean-square error of the SGA is higher
than that of the true gradient algorithm, due to the statistical fluctuation of the filter coefficients.
More precisely, if Fpnip, is the residual mean-square error of the true gradient algorithm, which can
be seen to equal 1 — p? ®~lp by inserting (5.23) into (5.22), then the excess mean-square error ET

of the SGA is shown to converge to

=1
EX = — " Fnin (5.36)



as long as f is in the range

0 <p< ;K (5.37)

No? + > w
k=1

This condition on 3 is stricter than the one in (5.28), since

M=

)

N N
Amax(®) < Y N(@) = 3 @ = Y (CW2CT + %),
=1 =1

I
—

= No® + % f:wi & = No® + f:wk. (5.38)
i=1 k=1 k=1

Despite the longstanding want of analytical results which do not make use of approximations,

the convergence of the SGA is a well-investigated issue. The SGA is widely used in practice and
versions with good convergence properties are well established. Therefore, we feel we are reducing
the problem we are examining to a known problem, if we reduce it to a solution in terms of the
true gradient algorithm of (5.17), and propose use of the stochastic gradient modification in its
implementation. (For the sake of completeness, the existence of other modifications should be
mentioned, e.g. time-averaging to substitute the expectation in (5.17)). In the following result,
we show that the true gradient algorithm has the property that the coefficient vector converges
to the decorrelating detector in the limit of ¢ — 0, and converges to the conventional detector
in the opposite case, when the power of the multiuser interference goes to zero. While the first
property was what we were looking for, the second one is equally desirable, as will be explained in

the subsequent discussion.

Proposition 5.1 :

li © - - c(cfg)! )
Jim v o ( )77 ug (5.39)

lim v® = Y F _ Cuy, (5.40)
w;—0 o +’U]k/N
itk

i.e., up to a scale factor the true gradient algorithm of (5.17) converges to the decorrelating detector
as the Gaussian background noise level goes to zero, and converges to the optimum single-user

detector as the power of the multiuser interference goes to zero. &

Note that since a sign decision is taken, scale factors do not matter.
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Proof : We first show that, from (5.29),

v® = (CW2CT + 52171 CW (5.41)
1
= — C(CTCc+o*W2)" L y. (5.42)
VW

To show (5.42) we use the matrix inversion lemma (e.g. [Hay]), which says that for two positive

definite matrices B and D
B! + cp~!c’)"! = B - BC(D + ¢'BC)"IcTB. (5.43)

Using this lemma

1 1 1 _
S1-3CW 2 4 ﬁcTC) 1T W u (5.44)

v [

1
—[CW u; - C (W2 + CTC)"H(CTC + 0? W2 — 0?W2) W] (5.45)
g

1
VW

From here (5.39) follows directly by taking letting o — 0 in (5.46), and (5.40) follows by letting

C (CTC + *W2) Ly, . (5.46)

wj — 0,7 # k in (5.41), and noticing that

lim CW?2CT = diag (z;|z; =0, j #k, 21, = wy/N). (5.47)

wj—)O

i#k

Returning to the true gradient algorithm, the decision statistic after convergence of the tap

weights is
vy = by, — Kol uf (€TC + oW 2)"'w-lb + v n (5.48)
VWE
and the resulting mean-squared error is given by
r 2 o T 2w —2y—1
E(NV®y —b) = — (C°C+ oW~ ek - (5.49)
Wi,

Hence unless the inverse is very ill behaved, the mean-squared error is very small in the high SNR
region and will matter very little above a certain SNR level, the more so since we are only interested
in the sign of vooTy. To estimate the deviation of (CTC 4 ¢2W~2)~1 from (CTC)~! we expand
the former as
(cTc+o*w2)7! = [(cTo) a1 + 2(cTo)" w21
o0
=Y o [-(cTc)"t w2 (cTo)! (5.50)
1=0
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which is possible iff the spectral radius of the matrix (CTC)~1W 242 is less than 1 ([Ben, p. 587],
[Horn, 5.8]), which is satisfied if the SNR is high enough. The first term in the above series is the

desired term. From here the error can be estimated as in [Horn, 5.8], to obtain

I(c’e)t — (CTC+ W)Y s[|FPW 2| /]I CTC

— < — (5.51)
I(cre)-1 1 - k][ ®W=2| /| CTC |
2
g /wmin
= (5.52)
Amin (CTC) — o2 / Wmin
as long as 02 < wpin ||[CTC||, when | . || denotes the spectral norm. In this case & 2

Anax(CTC)/Amin (CTC), ||ICTC| = Anax(CTC) and ||[6?°W2|| = 02 /wpin, and (5.52) results.
Hence, as long as Apin (CTC) is sufficiently large, the relative error is of the order of the inverse of
the smallest SNR ratio. A similar analysis can be carried out for the deviation from the conventional

detector.

Discussion: The mathematical relation between the unrealizable gradient algorithm of (5.17) and
its realizable stochastic modification according to (5.31) are well-known, and there is much evidence
that the average behavior of the stochastic algorithm is such that if the step size 3 is appropriately
chosen, the function of the desired unrealizable algorithm can be closely approximated. The un-
realizable detector of (5.19) was seen to converge to the decorrelating detector in the limit as the
Gaussian background noise level goes to zero, and to deviate little from it in the high SNR region.
This is desirable, since in this region the multiuser interference is the main impairment on the
common channel, and the decorrelating detector is the detector which eliminates this interference.
However we have seen in Figures 1 and 2 for the synchronous case and Figures 26, 27, 28 for the
asynchronous case, that the conventional detector performs better than the decorrelating detector
if the multiuser interference is very low. This is because the conventional detector is not penalized
in this region for ignoring the interference from other users, whereas the decorrelating detector
eliminates this small interference at the expense of enhancing the background noise, which in this
region is the main distorting factor. Therefore, the property of the detector to converge to the

conventional detector in this region is desirable.

For these reasons, inasmuch as the true gradient algorithm can be approximated satisfactorily
by the SGA or an equivalent modification, we have obtained a detector which has the capability
of adapting to the dominant cause of channel distortion in the limit as one single effect (multiuser

interference respectively background noise) predominates. We conjecture that the compromise
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achieved by (5.42) in the region where no single factor significantly outweighs the other is a good
demodulation strategy for an operating region where both distortion causes are of comparable

magnitude.

It would be interesting to find an equivalent adaptive algorithm which does not require an
initial training sequence (“blind adaptation”). Previous research on the subject has not been
successful. Since the decorrelating detector effectively inverts the channel transfer function, the
following citation from [Ver 84b] is pertinent to this problem: “no such function is known to result

in global convergence to the inverse of the channel when the input consists of binary data”.
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6. Conclusions

The main contribution of this thesis is to have shown that the near-far resistance of optimum
multiuser detection of Code-Division multiplexed signals in white Gaussian channels can be achieved
by linear detectors, thus providing an effective remedy to the well-known near-far problem, which
- in contrast to the maximum likelihood detector - is implementable even for a large number of
users. This is possible due to the fact that the asymptotic efficiency functional of linear multiuser
detection has a saddle point, and the near-far resistance of the optimum multiuser receiver can be
written as that of a variable linear receiver which is optimally suited for the respective operating
point. Making use of the aforementioned saddle-point property the optimum near-far resistance is
equal to the highest near-far resistance achievable by a (fixed) linear receiver. This receiver is then
found explicitly. Thus there exists a linear detector which does not exhibit the main limitation of
the conventional single-user detector used in practice, which occurs even if signals with very low

crosscorrelations are assigned to the users, namely the near-far problem.

We considered both the synchronous and the asynchronous CDMA channel shared by simulta-
neous users: they use the same bit duration 7' when transmitting and have made their respective
signature sequences common knowledge. This setting is the same as that in [Ver 86al, [Ver 86b],
where the maximum-likelihood multiuser detector was derived. In a system where this knowledge
is restricted, the presented results predict significant performance improvement if the signature

sequences of the more powerful interferers are known to each user’s receiver.

For the asynchronous channel we derived the near-far optimum linear receiver, the decorrelating
detector, which does not have the near-far problem of the conventional single-user receiver and,
it turns out, of any energy-independent linear receiver except the decorrelating one. Its structure
is that of an inverse to the equivalent transfer function between transmitter and receiver, such
that the users are decoupled before the sign decision. Obviously then, since each user’s decision
statistic is now independent of other users transmissions, even very powerful interference can be
combatted, evidently as long as the synchronization and carrier phase acquisition mechanisms of
the weak user’s receiver do not fail. The price paid for eliminating the multiuser interference is
an increase in the variance of the Gaussian background noise, which is also the reason why the
decorrelating detector is not the optimum multiuser detector. This means that in applications a

decision first has to be made as to whether the background noise or the multiuser interference is

147



the dominating factor. In the first case the single-user detector should be used, in the second the

decorrelating detector.

Three properties make the decorrelating detector particularly attractive in near-far environ-
ments with a large number of users: its linear time-complexity per demodulated bit, the fact that
its implementation does not require knowledge of the received energies, and the desirable attributes
of its bit-error rate, namely that it is independent of received energies and that it offers the same

degree of near-far resistance as the optimum multiuser detector.

We gave conditions for existence of the decorrelating detector and showed that for continuous,
independent delays - the usual conditions in a completely asynchronous channel - these conditions
are satisfied almost surely. Also, the decorrelating detector does not exist if and only if the optimum

multiuser near-far resistance is zero.

In a multiuser environment where K users transmit N-bit sequences, the decorrelating detector
was described as the inverse of an NK x N K equivalent synchronous system matrix. In this case
the receiver is the near-far optimum linear combination of the front-end matched filter outputs,
i.e. is a new matched filter, matched to the multiuser environment. It was shown that as the
transmitted sequence length tends to infinity the decorrelating detector tends to a time invariant
linear filter which is stable and noncausal. Since the filter is stable the noncausal part of the impulse
response can be truncated in practice after a suitable delay, to the desired degree of accuracy. In
applications where each receiver is interested in demodulating the information transmitted by only
one user, it is easy to decentralize the K-user decorrelating receiver since it can be implemented
as K separate (continuous-time) single-input (discrete-time) single-output filters. Each of those
filters can be viewed as a modification of the conventional single-user matched filter, where instead
of correlating the channel output with the signature waveform of the user of interest, we use its
projection on the subspace orthogonal to the space spanned by the interfering signals. Here a
comment is appropriate: if the filter is actually an approximation to the decorrelating receiver,
due to, for example, finite accuracy in the computation of the crosscorrelations or truncation of
the impulse response, it will no longer be orthogonal to the subspace of the interfering signals and
therefore it will not be near-far resistant in the worst-case sense adopted in this work. However, for
practical purposes we do not need near-far resistance with respect to all possible interfering energies
- even after the sync and acquisition mechanisms of the weak user have long failed - but rather with
respect to a region of interfering energies, e.g., dictated by the signal processing front-end. Since

decorrelating corresponds to a projection orthogonal to the multiuser interference, and truncation
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effects a tilt in the projection plane, by truncating appropriately far the effect on the bit error
rate can be made arbitrarily small, preserving near-far resistance with respect to the desired energy

range.

A general expression as well as a lower bound for the asymptotic efficiency achieved by the
limiting decorrelating detector were given. Since the asymptotic efficiency of the decorrelating
detector is a nonincreasing function in the number of users, it would be beneficial to investigate
a practical implementation where the size of the filter is modified to take into account only the

subset of active users, which could be significantly smaller than the total user population.

Computation of the transfer function of the limiting decorrelating detector for K users involves
inverting a K by K matrix whose elements are monomials in z respectively z~!. This is due to
the memory involved in the observed multiuser process. As proposed in [Ver 88|, a simple though
clearly suboptimal way to get around this difficulty is to take a one-shot approach, where the kth
user receiver considers the received process during each symbol interval of User k& independently
of all the rest, as if it had resulted from a synchronous process where the two interfering bits of
each asynchronous user are viewed as coming from two different synchronous users with smaller en-
ergy. We have investigated using this simple model and incorporating the decorrelating philosophy
to ensure near-far resistance, and have shown that the performance of the one-shot decorrelating
detector is upper bounded by that of the limiting decorrelating detector for each operating point.
The performance results obtained for a two- and three-user example yielded only a small perfor-

mance reduction compared to the decorrelating detector, and motivate consideration in practical

situations of the computationally much simpler one-shot approach.

The previous results can be particularized to the synchronous channel. For the latter case
the best linear detector has been derived, as a function of the received energies, for comparison
purposes with the decorrelating detector. One interesting result we obtained is that there is a
region of energies and crosscorrelations where the best linear detector achieves the asymptotic
efficiency of the optimum multiuser detector, while in another such region it coincides with the
decorrelating detector. Other precise analytic results were not feasible. The worst-case complexity
of the algorithm obtained in order to find the best linear detector is exponential in the number of
users. In a fixed-energy environment this computation needs to be carried out only once, hence
the real-time time-complexity per bit is linear, in contrast to the optimum multiuser detector.
Nevertheless, this feature and the energy dependence of both its structure and its performance

penalize the best linear detector in comparison with the decorrelating detector. The only requisite
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necessary for the signal of a user to be detected reliably by the decorrelating detector regardless
of the level of multiple-access interference, is that it does not belong to the subspace spanned by
the other signals - a very mild constraint that should be compared to the condition necessary for
reliable detection by the conventional single-user detector, i.e. that the signal is orthogonal to all

the other signals.

An iterative decision-feedback scheme has been proposed, with the decorrelating detector in
the first stage to ensure near-far resistant initial decisions. Previous-stage decisions on the bits
transmitted by the other users are used to obtain estimates of the jth noise components in the
decision statistic for all j # k, then the correlation of the noise components is exploited to obtain

kth noise component. Lower bounds on the second-stage

and then subtract an estimate of the
asymptotic efficiency and near-far resistance of this scheme have been obtained and it has been
shown that unit asymptotic efficiency can be achieved in a given energy range. Conditions of the
received energies have been given to ensure a performance improvement over the decorrelating
detector. The scheme is no longer energy independent, and an example illustrated that there
is a range of energies where feedback can decrease performance, due to the fact that for that
specific parameter range the obtained estimates may not be reliable enough. However near-far
resistance was shown to be preserved. The benefits of partial feedback of previous decisions were
investigated, where feedback from unreliable users is omitted, and an algorithm was given which
finds the best feedback set. A special case thereof is the empty set, which corresponds to just the
decorrelating detector. The use of this algorithm guarantees optimum near-far resistance, together
with an asymptotic efficiency which is lower bounded by that of the decorrelating detector. The

only additional feature required by this algorithm is estimation of the operational energy range.

An example showed that performance can be significantly increased in this way.

Finally, the situation has been considered when the receiver for each user has no knowledge of
the modulating waveforms of the other users, a situation which is typical for decentralized reception.
For the special case of a synchronous channel and DS-SS signaling with common chip waveform
but unknown signature sequences, an adaptive algorithm has been found, which uses a training
sequence and converges to a detector which adapts to the communication impairment situation on
the channel. Namely, in the low background noise region it approaches the decorrelating detector,
while in the low multiuser interference region it approaches the conventional detector, each being

the detector of choice under the corresponding conditions. An interesting question for further
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work is whether an equivalent scheme can be found for the asynchronous channel, and/or without

knowledge of an initial training sequence (i.e., blind adaptation).
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